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HIGHER CENTRAL EXTENSIONS 
AND COHOMOLOGY 

DIANA RODELO AND TIM VAN DER LINDEN 


Abstract. We establish a Galois-theoretic interpretation of cohomology in 
semi-abelian categories: cohomology with trivial coefficients classifies central 
extensions, also in arbitrarily high degrees. This allows us to obtain a duality, 
in a certain sense, between “internal” homology and “external” cohomology in 
semi-abelian categories. These results depend on a geometric viewpoint of the 
concept of a higher central extension, as well as the algebraic one in terms of 
commutators. 
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Introduction 

This article exposes a hidden duality between “internal” homology and “external” 
cohomology for certain group-like structures: we prove that cohomology with trivial 
coefficients classifies (higher) central extensions. Together with the work in low 
dimensions and with several closely related results in homology theory, this reveals 
a deep connection between Galois theory and cohomology, and a close link with 
homology which has been invisible so far. 

The context in which we work is sufficiently general to cover cohomology of, say, 
groups, crossed modules. Lie algebras and non-unitary rings, as well as the Yoneda 
Ext groups in the abelian case, and many new examples can easily be added to the 
list. In fact, almost any semi-abelian category would do, as long as it satisfies a 
certain commutator condition which occurs naturally in this setting—see below. 
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This interpretation of cohomology is part of a bigger programme which intends to 
understand homological algebra in a non-abelian environment from the viewpoint 
of (categorical) Galois theory. Related results include, for instance, higher Hopf 
formulae for homology in semi-abelian categories |40| . higher-dimensional torsion 
theories [3^, a theory of satellites for homology without projectives BZl, and higher¬ 
dimensional commutator theory based on a notion of higher centrality mm]. 


Higher centrality. The key novelty in the present approach to (co)homology of 
non-abelian algebraic objects is the concept of higher centrality. It allows us to 
express in an abstract but simple way the commutator conditions which we have 
to deal with. 

Following the ideas of Janelidze [S711SH]> the formal theory of (not necessarily 
central) higher (cubic) extensions was first developed in |40| in order to provide a 
general setting for the Brown-Ellis-Hopf formulae [25l [32| . The notion of centrality 
in the sense of categorical Galois theory izimm depends on a Galois structure, 
and accordingly, centrality of higher extensions is defined using a tower of Galois 
structures. 

Let us make this explicit with a concrete example. Gonsider the category Gp of all 
groups and its (reflective) subcategory Nil 2 determined by all groups of nilpotency 
class at most 2. The induced reflector ni^: Gp ^ Nil 2 , left adjoint to the inclusion 
functor, takes a group G and sends it to its 2-nilpotent quotient G/[[G, G],G]. 
This situation—Gp being a variety of algebras over Set, and Nil 2 a subvariety of 
it—admits a canonical homology theory: Barr-Beck comonadic homology [2| with 
coefficients in the reflector nil 2 . Now for any group Z, the induced third homology 
group H 3 (Z, nil 2 ) of Z may be expressed by a Hopf formula, namely the quotient [40l 
Theorem 9.3] 

KonKm [[X,X],X] 

[[Ko nK,,XlX][[Ko,Ki], X][[Ko, X] , Ki][[X, Ko] , iGi] [[X, X], Kq n iGi] ' 


Here the objects Kq = Ker(c) and Ki = Ker(d) are the kernels of c and d, for any 
two-cubic presentation 


X^^C 


d (A) 

V V 

D - 

of Z. This means that the objects G, D and X are projective (= free) groups, and 
furthermore this commutative square is a two-cubic extension of Z: all its arrows, as 
well as the induced arrow to the pullback (d, c]: X D xz C, are surjections. The 
denominator in the formula is a generalised commutator: a two-cubic extension of 
groups such as is central (with respect to Nil 2 ) precisely when this denominator 
is zero. The concept of centrality of two-cubic extensions is given by the Galois 
structure Ti in the “tower” consisting of 


Lq — (Gp, Nil2, nil2, f=) 


and 

Ti = (Ext(Gp),CExt|Mii2(Gp),^\.^\ (nil2)i,e), 
where S', ^ are the classes of surjections and S^, are the classes of two-cubic 
extensions in Gp and in Nib, respectively. Here Ti is induced by Tg through its 
one-cubic central extensions, which are the objects of the full reflective subcategory 
CExt|\iii2 (Gp) with reflector (nib)! of the category Ext(Gp) of one-cubic extensions 
in Gp. 

It is not hard to construct a two-cubic presentation of an object, certainly not in 
the varietal case, since a truncation of any simplicial projective resolution will do. 







HIGHER CENTRAL EXTENSIONS AND COHOMOLOGY 


3 


0 0 0 


0 

0 

0 


V ^ 

■> -> ■ 

V Y 


Y 

<> ■ 

V 


Y 

■> • >- 


Y 

■> F2 



V 

■> • >- 


fi 

'AV 
■». 


V 


»0 


»0 


■>0 


Y Y 

0 0 


Y 

0 


Figure 1. A two-fold extension is a 3 x 3-diagram: all rows and 
columns are short exact sequences. 


As is apparent from the formula, the main difficulty in making it explicit lies in 
characterising the (two-cubic) central extensions corresponding to the functor which 
is being derived (in this case, nil 2 ). Higher cubic central extensions are defined by 
induction; let us explain how this is done for lowest degrees (more details can be 
found in the following sections and in the articles iMiisziiini, amongst others). 

A semi-abelian category [CTIIS] is pointed, Barr-exact pQ and Bourn-protomod- 
ular [3] with binary sums. Let be a semi-abelian category and a BirkhofF 
subcategory [SD] of ^ —full, reflective and closed under subobjects and regular 
quotients, so that a Birkhoff subcategory of a variety is nothing but a subvariety. 
Let 

(B) 

denote the induced adjunction, with / the reflector and 77 : 1^ => I the unit. 

In this context, a cubic extension f: X Z is defined as a regular epimor- 
phism, and an extension (fc, /) as a short exact sequence 


0- > X ^->Z ->0. 

Together with the classes of cubic extensions in ^ and in the adjunction m 
forms a Galois structure in the sense of Janelidze [3 Eg. Central (cubic) extensions 
are defined with respect to such a Galois structure, as follows. A cubic extension / 
is called trivial when the induced naturality square 


A 

Vx 

IX- 




If 


->IZ 


is a pullback; f: X ^ Z is central when either of the kernel pair projections prp, 
prj^: Eq(/) = X x z X ^ X is trivial [Sg. An extension (fc, /) is said to be trivial 
or central whenever so is the underlying cubic extension /. 

It turns out that the cubic central extensions relative to determine a reflective 
subcategory CExt^(^) of the category Ext(.^) of cubic extensions in fZ", so we 
have an adjunction 

h 

Ext( JT) CExt^( JT). 
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Together with classes of two-cubic extensions, defined as in the case of groups above, 
this adjunction forms a Galois structure, and thus we acquire the notion of two- 
cubic central extension with respect to This construction may be repeated ad 
infinitum, so that notions of n-cubic extension (special n-dimensional cubes in 3^) 
and n-cubic central extension are obtained. An n-fold (central) extension will 
be a special diagram of short exact sequences: a 3"-diagram, which is essentially an 
n-cubic extension with chosen kernels. For instance, a two-fold extension is a short 
exact sequence of short exact sequences—a 3 x 3-diagram as in Figure [U where the 
bottom right square is the underlying two-cubic extension. The dotted arrows in 
this diagram form a Yoneda extension |82| from A to Z, which in the abelian case 
allows to reconstruct the entire 3 x 3-diagram up to equivalence. In general, though, 
the diagram may not be thus reduced without loss of information. See Figure [5] 
below for a picture in dimension three. 

Of course, whether or not an n-cubic extension is central with respect to some 
chosen Birkhoff subcategory depends on this subcategory more than anything else. 
In many cases (like, for instance, the case of groups vs. 2-nilpotent groups) there 
are explicit descriptions of the central extensions in some, or in all, degrees (see, for 
instance, [Sni IM EH US)- Knowing, in a given case, what the central extensions 
are, gives a complete description of the corresponding homology objects as higher 
Hopf formulae: this is the content of Theorem 8.1 in [40]. In this article we only 
consider cubic extensions which are central with respect to the Birkhoff subcategory 
38 = Ab(.^) of all abelian objects in 33, the objects which admit an internal abelian 
group structure; that is to say, they are central with respect to abelianisation. The 
reason for this constraint is that we only treat cohomology with trivial coefficients— 
coefficients in trivial modules, which are precisely the internal abelian group objects. 
In the non-trivial case, where the theory involves Birkhoff subcategories of Ab(.^), 
the situation becomes significantly more complicated, and forms the subject of 
current work-in-progress. 

The Hopf formulae now take the following shape m- 
Hn + liZ, Ah{33)) - 

for any n-presentation F of Z. Here Fn is the “initial object” of the n-cubic ex¬ 
tension F and the fi are the “initial arrows” (see the solid part of Figure E) for a 
picture in degree three). The brackets (—) in the formula give the zero-dimensional 
commutator of Fn determined by its abelianisation: for any object A of there 
is a short exact sequence 

0-><A>l>-->0, (D) 

so (A) = [A, A], the Huq commutator [TOl I53| of A with itself, giving a functor 
(—): 23 ^ . The object in the denominator of the Hopf formula is the smallest 

normal subobject of Fn which, when divided out, makes F central; in other words, 
an n-cubic extension F is central if and only if L„[F'] = 0. In many cases (see 
Section E]) this “abstract higher-dimensional commutator” may be computed as a 
join of binary Huq commutators |40l I79| . 

On the other hand, the use of higher (central) extensions is not at all limited 
to homology and Hopf formulae. The concept of higher (cubic) extension is quite 
interesting in its own right m while centrality may, for instance, be used to model 
more exotic commutator theories mini. The present article is meant to clarify 
the connection with cohomology and obtain a higher-dimensional counterpart of 
the the low-dimensional work which has been done in this context mi 121 m izEj- 
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Cohomology and centrality. The current development starts with the long- 
established interpretation of the second cohomology group H^(Z,A) of a group Z 
with coefficients in an abelian group A in terms of central extensions of Z hy A (see 
for instance [66]). A central extension (k, f) of Z by A is a short exact sequence of 
groups 

0- >A>^^X^-^Z ->0, (E) 

so k = ker/ and / = coker fc, such that the commutator [A, A] is trivial: 

axa~^x~^ = 1 for all a e A and x e X. 

Two extensions {k, f): A —> A Z and {k', /'): A —> A' ^ Z of Z by A are said to 
be equivalent if and only if there exists a group (iso)morphism i: X ^ X' satisfying 
f'oi = f and iok = k'. The corresponding equivalence classes, together with the so- 
called Baer sum, form an abelian group Centr^(Z, A), and this group is isomorphic 
to H2(Z,A). 

In this article we generalise the isomorphism Centr^(Z, A) = H^(Z, A) in two 
ways: first of all, we also consider higher cohomology groups; secondly, we replace 
the concrete context of groups by an abstract context of a semi-abelian category 
satisfying an additional axiom which holds in many important examples of semi- 
abelian categories—in particular, it holds in the category of groups and in any 
abelian category. 

It was proved in see also m and Ea, that the classical interpretation 
of group cohomology via central extensions may be extended from the context of 
groups to semi-abelian categories. Here the concept of centrality is the one coming 
from Galois theory, using the Birkhoff subcategory of all abelian objects m — that 
is, we use centrality relative to abelianisation—and the cohomology is comonadic 
cohomology [2|. Thus the well-known similar results for Lie algebras over a field, 
commutative algebras, non-unitary rings, (pre)crossed modules, etc. could be in¬ 
cluded in a general theory, and new examples could be studied. 

When A is a Z-module with a non-trivial action, of course the above concept 
of central extension does no longer suffice to capture cohomology with coefficients 
in A. Nevertheless, there is good hope that something can be done in general and in 
higher degrees which extends both the present work and the results in [22]. In the 
current paper we limit ourselves to the case of trivial module coefficients essentially 
for the sake of simplicity. In contrast with this potential extension of the theory, 
when A is not even an abelian object—so when we enter the realm of true non- 
abelian cohomology—it is not clear at all how the current approach could form the 
basis of a new theory. 

The next step, an interpretation of the third cohomology group in similar terms, 
turned out to be quite hard to take. The reason is that one needs a theory of higher 
central extensions for this—which until recently was unavailable. The problem was 
finally solved in CHI, where the characterisation of two-cubic central extensions 
given in diiin] is extended to semi-abelian categories and an isomorphism 

H3(Z, A) ^ Centr2(Z,A) 

is constructed. The abelian group Centr^(Z, A) consists of equivalence classes of 
two-fold central extensions of an object Z by an abelian object A as in Figure [I] 
equipped with a canonical addition induced by the internal group structure of A. 
It must be mentioned that the cohomology theory used in m —the directions 
approach, using internal n-fold groupoids, introduced by Bourn in muniis] and 
further worked out by Bourn and Rodelo in El|77] — is less classical than the one 
we shall be using here, or at least is not obviously related to it in higher degrees. In 
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Figure 2. A 3-fold (central) extension of Z with its direction A. 
The solid arrows are the underlying 3-cubic extension. 


this paper we use a different interpretation of cohomology which is based on higher 
torsors piTl [Ml 

A key ingredient here is the concept of direction of a higher (central) extension, 
which is the initial object of this extension A, when E is considered as a diagram of 
short exact sequences in : the objects A in Figure[T]and Figured From the point 
of view of the n-cubic extension F underlying E, the direction is an intersection of 
(chosen) kernels. For a one-fold extension such as (|E]), the direction is the kernel 
A = Ker(/) of the underlying one-cubic extension f: X ^ Z, while for a two-cubic 
extension as in Figure[T]it is the intersection of the kernels Ker(/o) n Ker(/i). Con¬ 
sidering the underlying two-cubic extension F as an arrow in the category of arrows 
in the kernel of F is a one-cubic extension in ^, whose kernel is isomorphic 
to the direction of E; so we write it as Ker^(F). In higher degrees a similar (in¬ 
ductive) analysis makes sense: given an n-fold extension E with underlying n-cubic 
extension F, its direction is Ker"(F) = Ker(/i), which is an abelian object 
of 3E when F is central (compare with the Hopf formula (|C])1. 

Figure [5] gives a picture in degree 3. The different but equivalent ways in which 
the direction may be obtained as a kernel come from the several ways in which a 
three-cubic extension may be considered as an arrow between two-cubic extensions, 
etc. An element of F 3 should be viewed as a (directed) triangle with faces given by 
/o, /i and / 2 , and such a triangle a is in the direction A if and only if all its faces 
(edges) are zero. 

We write CExi^{^) for the category of n-fold central extensions over Z. Thus, 
for each n ^ 1 and any object Z in ^^ we obtain a functor 

CExt^( JT) ^ Ab( JT) 

that sends an n-fold central extension F of Z to its direction A. Given any object Z 
in ^ and any abelian object A, an n-fold central extension of Z by A is an 
n-fold central extension F of Z with direction A, an object of the fibre 
Taking connected components gives us the (possibly large) set 

Centr"(Z,A) =7ro(D(;i^)A) 
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which admits a canonical abelian group structure, since, as established in Propo¬ 
sition 12.211 the assignment A Centr" (Z, A) gives rise to a product-preserving 
functor Ab(,^) ^ Set. 

Now the question remains whether these groups have any cohomological meaning. 
The main body of this article explains that, indeed, they have: we shall prove 
that, under the commutator condition (CC), they agree with the interpretation of 
comonadic cohomology in terms of higher torsors. 


Cohomology via higher torsors. One could say that Duskin and Glenn’s higher 
torsors [331311111 are to central extensions what truncations of simplicial resolu¬ 
tions are to cubic extensions, or what groupoids are to pregroupoids: 

torsor truncation of simplicial resolution groupoid 

central extension cubic extension pregroupoid 

In a groupoid 


Gi^^Go 

8o 


there are identities (given by (Tq) and a composition m 
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which is associative, admits inverses and is compatible with the identities; there is 
only one object of objects, Gq. On the other hand, a pregroupoid [31 


Gi 




Go 


G'n 


has two objects of objects, Gq and Gq. Consequently, it has no identities, and 
instead of a composition, there is an (associative) Mal’tsev operation p 





satisfying p(a, a, 7 ) =7 and p{a, 7 , 7 ) = a. In the present context, associativity is 
automatic. 

In dimension 3 now, truncating a simplicial object X at degree 2, we obtain a 
diagram as on the left 



which may be “unfolded” to a commutative cube as on the right. The extension 
property of this cube corresponds to acyclicity of the given simplicial object X 
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(its being a resolution) up to degree 2. Note that this cube is special, because 
certain objects in it occur several times; on the other hand, the cube does not 
capture the degeneracies present in the simplicial object. Groupoids (and torsors) 
live in the simplicial world, whereas pregroupoids belong to the cubical world of 
n-cubic (central) extensions. As we shall explain in Subsection l3.13l higher central 
extensions may be considered as higher-dimensional pregroupoids in some precise 
sense. 

Given an object Z and an abelian object A in a semi-abelian category JZ", we 
consider the augmented simplicial object K(Z,A,n) determined by 


n+1 


dn+i X Iz 


A"+i X X Z' 

-^-> 

pro xlz 


Prz 


Prz 


with dn +1 = (~1)" Z;r=o(~^)* n-torsor of Z by A is an augmented 


simplicial object T equipped with a simplicial morphism I: T 
that 


K{Z,A,n) such 


(Tl) It is a fibration which is exact from degree n on; 

(T2) T = Cosk„_iT, the (n — l)-coskeleton of T; 

(T3) T is a resolution. 

Axiom (T2) means that T does not contain information above level n — 1, which to¬ 
gether with (T3) amounts to the (n— l)-truncation T of T, considered as an n-cube, 
being an n-cubic extension. The fibration property in (Tl) is (almost) automatic, 
while the exactness tells us that, for all i, 

A(T,n) s A X A*(T,n). (F) 

Here A = P|jg^Ker(A) is the direction of T, the object A(T,n) consists of all 
n-cycles in T and A®(T,n) is the object of (n,i)-horns in T. In degree two, for 
instance, we obtain the following picture: 

A(T,2) ^ A X Ai(T,2) 


0 ->0 


(G) 


Given a, a and /3, there is a unique arrow 7 = p}{a, /3, a) such that the projection 
pr^(/ 3 , 7 ,a) on A gives back a. In some sense a = 0 if and only if the triangle on 
the left “commutes”, and taking 7 = p^(0,/3, a) = as a composite of (3 

and a really does define a groupoid structure on T. 

Let s+(l?r) denote the category of augmented simplicial objects in 3Z3. The full 
subcategory of the slice s+(,^)/[K(Z, A, n) determined by the n-torsors of Z by A 
is written Tors”(Z, A). Taking connected components we obtain the set 

Tors" [Z, A] = 7 roTors"(Z,A) 

of equivalence classes of n-torsors of Z by A. It is, in fact, an abelian group |34) . 

Duskin explains in [331 131] that the group Tors" [Z, A] may be considered as 
a cohomology group H"+^(Z, A) of Z with coefficients in the trivial module A, 
and that under certain conditions this cohomology coincides with other known 
cohomology theories. For instance, when iZ' is monadic over Set, we obtain Barr- 
Beck cohomology |34l Theorem 5.2]. 

If G is the comonad induced by the forgetful/free adjunction of S3 to Set, if Z 
is an object of S3 and A an abelian object, then for any natural number n, 

H"+i(Z,A)e = H"hom(abGZ,A) 
















HIGHER CENTRAL EXTENSIONS AND COHOMOLOGY 


9 


is the (n + l)-th cohomology group of Z with coefficients in A, relative to the 
comonad G [2]. This defines a functor H"+^(—, A): ^ Ab, for any n ^ 0. As 
mentioned in the previous paragraph, Duskin obtains an isomorphism 

H"+i(Z,A)e = H"+i(Z,A), 

where the latter cohomology group is Tors" [Z, A] by definition. 

The geometry of higher central extensions. In Section [3] we analyse higher 
central extensions from a geometrical point of view so that we can compare them 
with higher torsors. We work towards Proposition 14.121 which says that an aug¬ 
mented simplicial object carries a (unique) structure of n-torsor as soon as its 
underlying n-fold arrow is an n-cubic central extension. This result is based on 
Theorem Id. 101 which gives a new characterisation of higher central extensions: an 
n-cubic extension F is central if and only if its direction A is abelian and there is 
a canonical isomorphism 

□ Eq(/,)-Ax0Eq(/,) (H) 

ien ien 

for any (hence, all) I ^ n. (Compare with the isomorphism ([F]).) The precise 
definition of the objects Eq(/i) and [Z]ig„Eq(/i) will be presented in Sec¬ 

tion [31 but we can already explain the meaning of this characterisation in some 
low-dimensional cases and give the main idea. 

When n = 1 this characterisation of centrality becomes the well-known result 
(see [m dHi) that an extension (fc,/): A ^ X ^ Z is central if and only if the 
kernel (direction) A of / is abelian and the kernel pair of / may be decomposed 
into a product as Eq(/) = A x X. 

When F is the two-cubic extension the isomorphism becomes 

Eq((i)nEq(c) = A x (Eq((i) Xx Eq(c)), 

where the direction A is given by A = Ker(d) n Ker(c). As explained in Sub¬ 
section 13.71 this isomorphism can be obtained as a consequence of the analysis of 
two-cubic extensions carried out in m- Recall EllS] that Eq(d) □ Eq(c) contains 
diamonds (as on the left) 



in A, so that the object Eq((i) Xx Eq(c), which is an instance of the pullback (jJ]) 
on page HU contains diamonds with one face missing (as on the right above) and 

tt: Eq(d)nEq(c) ^ Eq((i) Xx Eq(c) 

is the projection which forgets 5. The analogy with © is clear and not accidental: 
the missing S corresponds to a unique element a of A; on the other hand, given 
any diamond (including (5), the corresponding element a of A measures how far the 
diamond is from being “commutative” (in which case one may think of (5 as a com¬ 
posite a/3“^7). Note that instead of forgetting 6 , we could have chosen to forget a, 
(3 or 7 ; each of those choices determines a different pullback Eq(d) Xx Eq(c) which, 
for the sake of clarity, could be written as Eq(d) Eq(c) where the index / c 2 
determines the chosen projection (indeed there are four options). 

In general, given an n-cubic extension E, the object nig„Eq(/i) contains what 
we call “n-dimensional diamonds” in E„ (see Eigure0]on page [33] for an illustration 
in dimension 3) and [yjjgn Eq(/i) contains “n-dimensional diamonds” with one face 
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(determined by the index I ^ n) missing. The cubic extension F is central when 
its direction A is abelian and the canonical projection 

TT^: □Eq(/0-HEq(/,) 

ien ien 

induces the isomorphism this means that a missing face in any n-fold diamond 
in Fn is completely determined by an element in A. We also obtain an explicit for¬ 
mula for the splitting pr^: Eq(/i) —> A of the kernel of tt^, the projection on A 

which gives us a “measure of commutativity” for n-fold diamonds: Proposition [2311 
states that the lifting of 

J^n 

over A, where prj: Qien Eq(/i) ^ sends a diamond to its J-face, is pr^. 

Using this geometrical interpretation of centrality we can compare torsors and 
central extensions. Any n-cycle may be “completed” into an n-fold diamond by 
adding well-chosen degeneracies, and thus restricting the isomorphism m to an 
isomorphism m we may prove that any augmented simplicial object of which the 
underlying n-fold arrow is a central extension is in fact an n-torsor. The converse, 
however, needs more, since in general it is not clear how an isomorphism on the sim¬ 
plicial level may be extended to an isomorphism on the level of higher-dimensional 
diamonds. For this implication we pass via an interpretation of centrality in terms 
of commutators. 


The commutator condition. In order to complete the equivalence between tor¬ 
sors and higher central extensions, we shall assume that centrality may be charac¬ 
terised in terms of binary Huq commutators. We call this assumption the com¬ 
mutator condition (CC) on higher central extensions [TS]: it holds when, for all 
n > 1, an n-cubic extension F is central if and only if 

[f|Ker(/,), n Ker(/,)] =0 

iel ien\I 


for all / c n. Following izni, an n-cubic extension which satisfies this commuta¬ 
tor condition is called H-central. If we name the concept of centrality coming 
from Galois theory categorical centrality, then (CC) says that H-central and 
categorically central extensions are the same. 

The condition (CC) amounts to asking that the Hopf formula for higher homo¬ 
logy (jCl) becomes a quotient of binary Huq commutators: its denominator Ln[F] 
is then equal to the join U/snlriie/ Eer(/i), Ker(/,)], so that 


H„+i(Z,Ab(j:-)) ^ 


nfe„Eer(/i) n 

U 7 cn[nze/ Ker(/,), Ker(/,)] 


for any n-cubic presentation F of any object Z and for any n ^ 1. We shall, 
however, focus on the cohomological meaning of this condition rather than on Hopf 
formulae. 

It is certain that many categories satisfy (CC), although thus far no explicit 
characterisation is known; in the article [221 the categories of groups, Lie alge¬ 
bras and non-unitary rings are given as examples, and it is not difficult to add 
new examples to the list by using the technique explained there. A wide range of 
(generally non-trivial) examples are those semi-abelian categories with a protoad¬ 
ditive abelianisation functor [551152] . of which two extreme special cases are all 
semi-abelian arithmetical categories, such as the categories of von Neumann reg¬ 
ular rings. Boolean rings and Heyting semilattices (where the cohomology theory 
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becomes trivial) on the one hand, and all abelian categories (where, via a ver¬ 
sion of the Dold-Kan correspondence m, the theory gives us the Yoneda Ext 
groups) on the other. More recently it was shown in [75] that all semi-abelian 
categories with the Smith is Huq |68| property satisfy (CC), while the categories 
of loops and of commutative loops do not. So, action representative semi-abelian 
categories lilS], action accessible categories |23| (which makes all categories of in¬ 
terest m examples m), strongly semi-abelian [la and Moore categories 113 [zni 
are all examples of categories with the Smith is Huq property, thus satisfy (CC). 
For instance, so do the categories of associative and non-associative algebras and of 
(pre)crossed modules, and all varieties of groups in the sense of |71| . In any case, 
every semi-abelian category satisfies (CC) for n = 1 (see [481150p . 

Proposition 15.81 now tells us that in a semi-abelian category with (CC), the 
n-cubic extension underlying an n-torsor is always central. Hence for a truncated 
augmented simplicial object, the two concepts are equivalent iTheorem 15.911 : in¬ 
deed, given a simplicial object T, when it exists, a morphism It making (T, t) a torsor 
is necessarily unique; furthermore, any morphism of n-fold central extensions of Z 
by A which restricts to the truncation of a simplicial morphism, extends uniquely 
to a morphism of n-torsors of Z by A —see Section HJ in particular Proposition H.ldl 

The main theorem. Proposition 16.41 tells us that, as soon as enough project- 
ives exist, any n-fold central extension of an object Z by an abelian object A is 
connected to an n-fold central extension oi Z hy A of which the underlying n- 
cube is a truncation of an augmented simplicial object. Thus under (CC), any 
n-cubic central extension is connected to the simplicial-object part of an n-torsor. 
Since, furthermore, this process is compatible with directions, and we acquire an 
isomorphism 

Tors”[Z,H] = 7roTors”(Z,H) ^ 7ro(D”i^^H) = Centr”(Z,H), 

natural in A. As a consequence we obtain the main result of this article, The¬ 
orem K7\ if Z is an object and A an abelian object in a semi-abelian category with 
enough projectives satisfying the commutator condition (CC), then for every n > 1 
we have that 

H”+i(Z,H) ^ Centr’"(Z,H) 

as abelian groups. This establishes the result conjectured in (78], though for a dif¬ 
ferent definition of cohomology, and has several other interesting implications. For 
instance, from |33| it follows that there is a long exact sequence for Centr”(Z, —). 

“Duality” between “internal” homology and “external” cohomology. We 

call a (co)homology theory internal when the (co)homology object is an actual 
(abelian) object in the ground semi-abelian category, and external if it is an 
(abelian) group and hence, in general, is an object outside the ground category. 
For instance, the approach to homology in terms of higher Hopf formulae dis¬ 
cussed above is internal, while the approach to cohomology via higher central ex¬ 
tensions is external. An example of internal cohomology is developed in Gray’s 
Ph.D. thesis El- 

Combined with the main result of the article HZ], our present interpretation of 
external cohomology gives an answer to the following somewhat naive question: 

In which sense are internal homology 

and external cohomology “dual” to each other? 

The word “dual” here should not be read in its formal categorical sense, but similarly 
to the way we read “dual of a vector space”. It is true that there is a kind of “duality”, 
or at least a strong symmetry, in the definitions of homology and cohomology when 
one uses, for instance, the comonadic Barr-Beck approach. Nevertheless, so far 
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there was no meaningful connection at all between the interpretations of internal 
homology (using Hopf formulae, say) and external cohomology (many different 
approaches here), at least not for non-abelian algebraic objects. Following |81) . 
we claim that the hidden connection is the concept of direction for higher central 
extensions and the analysis of both homology (internal, relative to abelianisation) 
and cohomology (external, with trivial coefficients) in these terms. 

The theory of satellites IIZIIMI makes it possible to replace Hopf formulae for 
homology with (possibly large) limits, so that homology objects may also be com¬ 
puted in contexts where not enough projective objects are available. The results 
in m are again based on higher central extensions in semi-abelian categories, and 
the article’s Corollary 4.10 tells us that, for any Birkhoff subcategory of a semi- 
abelian category for any object Z oi and any integer n ^ 1, the homology 
object lin+i{Z,^) is the limit of the diagram D(„ • CExt^(J^) —>■ SS. 

That is to say, in the case of abelianisation, all the internal homological and 
external cohomological information on an object Z at a given level n is contained 
in one and the same functor 


: CExt^( JT) Ab( JT): E ^ = fl Ker(/z) = Ker"(F) 

i^n 


(where F = i?| 2 ") in two “opposite” ways, 

H„+i(Z, Ab(jr)) = limD(„_ 2 ) and H”+^(Z, A) = 7ro(D^J^^)H); 


homology is a limit of while cohomology consists of connected components 

of a fibre of D(^n,z)- So on the one end we have the limit of all possible directions 
and, on the other, all classes of all central extensions with one given and fixed 
direction—again, see Figure [51 We consider this “duality” (Theorem 16.81) to be a 
major point of the present article. In the article m it is analysed from the point 
of view of the Yoneda lemma, which deals with precisely this kind of contrast or 
“duality” between “internal” and “external”. 


Structure of the text. In Section |T] we recall some basic definitions and results 
which we need later on: semi-abelian categories, simplicial objects, higher exten¬ 
sions and higher torsors. Section contains all the theory needed to introduce the 
groups Centr"'(Z’, A). In Section|3]we give a geometric interpretation of the concept 
of higher central extension iTheorem 13. 101 and Proposition 13 . 141) . used in the next 
section where we analyse torsors in terms of this geometry. The most important 
result here is Proposition 14.15] which says that a truncation of an augmented sim¬ 
plicial object, considered as a higher extension, is a torsor as soon as it is a central 
extension. The other implication in the equivalence between torsors and central 
extensions is obtained in SectionISlfProposition [?751 and Theorem l5.9l) . However, to 
make it work, we have to strengthen the context of semi-abelian categories with the 
additional commutator condition (CC). The short last Section [5] explains how to 
suitably transform an n-cubic central extension (which need not be a truncation of 
anything simplicial) into an n-cubic central extension underlying a torsor, so that 
we may conclude with Theorem 16.71 the isomorphism H"+^(Z,H) = Centr"(Z,H) 
for all n > 1, and Theorem 16.81 the “duality” between internal homology and ex¬ 
ternal cohomology. 
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1. Preliminaries 


We sketch the context in which we shall be working: homological and semi- 
abelian categories for all general results, with the approach to external cohomology 
in Barr-exact categories due to Duskin [331131] and Glenn |3B]. We also recall the 
definition of higher extensions and the relation with simplicial resolutions gniisTj. 


1.1. Barr-exact, homological and semi-abelian categories. For the sake of 
clarity, the results in this article will be presented in the context of semi-abelian 
categories. Although this is an extremely convenient environment to work in, it 
is probably not the most general context in which the theory may be developed. 
Nevertheless, we believe that in this first approach it is better not to cloud our 
results in technical subtleties concerning the surrounding category, but rather to 
focus on their intrinsic meaning and their correctness. The only disadvantage this 
added transparency may possibly have is the potential loss of some more elaborate 
examples; such examples can always be recovered later on. 

We recall the main definitions and properties of Barr-exact [T] , homological |3j 
and semi-abelian categories Ell- 

Recall that a regular epimorphism is the coequaliser of some pair of morph- 
isms. A finitely complete category endowed with a pullback-stable (regular epimor¬ 
phism, monomorphism)-factorisation system is called regular. Regular categories 
provide a natural context for working with relations. We denote the kernel relation 
(= kernel pair) of a morphism /, the pullback of / along itself, by (Eq(/), prp, pr^^) 
or (Eq(/), /o, /i), depending on the situation. A regular category is said to be Barr- 
exact when every equivalence relation is the kernel pair of some morphism [T]. 

A pointed category (that is, with a zero object, an initial object that is also 
terminal) that admits pullbacks is called Bourn-protomodular [3] when the Split 
Short Five Lemma holds. Moreover, if the pointed category is regular, then proto¬ 
modularity is equivalent to the (Regular) Short Five Lemma: given a commutative 
diagram 


0 

0 


Ker(/') X' —^ Y' -> 0 


>KeT{f)>—^X—^Y - >0 

ker / / 


(I) 


with regular epimorphisms /, f' and their kernels, if k and y are isomorphisms 
then also x is an isomorphism. We usually denote the kernel of a morphism / by 
(Ker(/), ker/). A pointed, regular and protomodular category is called homolo¬ 
gical |S] . This is a context where many of the basic diagram lemmas of homological 
algebra hold. In particular, here the notion of (short) exact sequence has its full 
meaning: a regular (= normal) epimorphism with its kernel. 

In order for commutator theory to work flawlessly, the context should be finitely 
cocomplete and Mal’tsev. By definition, a Mal’tsev category [371133] is finitely 
complete and such that every reflexive relation is necessarily an equivalence relation. 
It is well known that any finitely complete protomodular category is necessarily a 
Mal’tsev category nuj. 

Joining all these conditions brings us to the notion of a semi-abelian category 
which can be defined as a pointed, Barr-exact and protomodular category that 
admits binary coproducts. This definition unifies many older approaches towards a 
suitable categorical context for the study of homological properties of non-abelian 
categories such as the categories of groups. Lie algebras, etc. In the founding 
article m which introduces the concept, it is explained how this solves the problem 
of finding the right axioms to be added to Barr-exactness in order that the resulting 
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context is equivalent with the contexts obtained in terms of “old-style axioms” such 
as, for instance, the one introduced in m- 

Examples of semi-abelian categories include all varieties of fl-groups ED, such 
as groups and non-unitary rings, precrossed and crossed modules, and categories of 
non-unitary algebras such as associative algebras and Leibniz and Lie n-algebras; 
then there are non-unitary C'*-algebras and loops; also any abelian category is an 
example, as is the dual of the category of pointed objects in any elementary topos. 

Lemma 1.2. |21l IT^ In a semi-abelian category, given a commutative diagram 
with short exact rows such as o above, k is an isomorphism if and only if the 
right-hand square is a pullback. □ 

Lemma 1.3. pUl Theorem 4.9] In a semi-abelian category, given a short exact 
sequence 

0-> Ker(/) ^1-^ X —^ Y -> 0 

ker/ 

in which the kernel of f is split by a morphism p, the object X is a product of which 
the projections are p and f. 

Proof. Applying Lemma 11.21 to the diagram 


Ifgr f f 

0-> Ker(/) i>-^ A- Y -> 0 


0-> Ker(/) 


P 


Ker(/) 


V 

H>0 


shows that its right hand square is a pullback. 


□ 


1.4. The Huq commutator and the Smith/Pedicchio commutator. We 

work in a semi-abelian category .Sf. A coterminal pair 

of morphisms in tX" (Huq-)commutes |19l[55] when there is a (necessarily unique) 
morphism ipk,i such that the diagram 


K 





K X L . X 



is commutative. We shall only consider the case where k and I are normal mono- 
morphisms (kernels). The Huq commutator [k,l]: [K,L] X of k and I is 
the smallest normal subobject of X which should be divided out to make k and I 
commute, so that they do commute if and only if [K, L] = 0. It may be obtained 
through the colimit Q of the outer square above, as the kernel of the (normal 
epi)morphism A —> Q. The commutator [K, L] becomes the ordinary commutator 
of normal subgroups K and L in the case of groups, the ideal generated by KL + LK 
in the case of non-unitary rings, the Lie bracket in the case of Lie algebras, and so 
on. 

Consider a pair of equivalence relations 


rp Si 

R — A —(ix,ix]->- S 

-> <- 

ri So 
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on a common object X and consider the induced pullback of ri and sq: 


RxxS^S 


(J) 


R- 




The pair {R,S) (Smith/Pedicchio-)commutes [501 ESI US] when there is a (ne¬ 
cessarily unique) morphism 0 such that the diagram 


R 




ro 


R xxS .«.■>X 

([lx,lxlso,ls]^\ 


Si 


is commutative. As for the Huq commutator, the Smith/Pedicchio commutator 
is the smallest equivalence relation [ii, 5] on X which, divided out of X, makes R 
and S commute. It can be obtained through a colimit, similarly to the situation 
above. Thus R and S commute if and only if [i?. S'] = Ax, where Ax is the smallest 
equivalence relation on X. We say that i? is a central equivalence relation when it 
commutes with Xx, the largest equivalence relation on X, so that [i?, Vjc] = Ax- 


1.5. Abelian objects, Beck modules. In a semi-abelian category an ob¬ 
ject A is said to be abelian when [A, A] = 0. The abelian objects of 3^ determine 
a full and reflective subcategory which is denoted Ab(j?r). Given any object X 
of we shall write (A) = [A, A], so that we obtain a short exact sequence 

0 -><A>i>->A^^abA = A/[A,A]- >0 

where rjx is the A-component of the unit 77 of the adjunction 


An object in a semi-abelian category is abelian precisely when it admits a (necessar¬ 
ily unique) internal abelian group structure. In fact, Ab(.^) may be viewed as the 
abelian category of internal abelian groups in iX. For instance, an abelian object 
in the category of groups is an abelian group, and an abelian associative algebra 
over a field is a vector space (equipped with a trivial multiplication). 

Given an object Z oi ^& Z-module or Beck module over Z is an abelian 
group in the slice category 5^jZ. Thus a Z-module {f,m,s) consists of a mor¬ 
phism /: A —> Z in , equipped with a multiplication m and a unit s as in the 
diagrams 





satisfying the usual axioms. In particular we obtain a split short exact sequence 

k 6 r f s 

0 ->Ai>—^A^^Z->0 

/ 

where A is an abelian object in and / is split by s. Furthermore, the mor¬ 
phism / satisfies [Eq(/), Eq(/)] = Ajf. Conversely, given the splitting s of /, this 
latter condition makes it possible to recover the multiplication m. Hence, for split 
epimorphisms in a semi-abelian category, “being a Beck module” is a property; the 
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entire module structure is contained in the splitting. Using the equivalence between 
split epimorphisms and internal actions m, we can replace X with a semi-direct 
product (^,^) X Z. By the above, modules are “abelian actions”. For simplicity, 
we denote a Z-module by its induced Z-algebra 

For us, the most important case arises when the Z-module structure on A is 
the trivial one, denoted {A,t): then A is just an abelian object, the semidirect 
product {A, t) X Z is A X Z and / is the product projection pr^: A x Z ^ Z. 


1.6. Connected components. In a category two objects are connected 
when there exists a (finite) zigzag of morphisms between them. This defines an 
equivalence relation between the objects of of which the equivalence classes 
form the set 7ro(.^) of connected components of 

In general 7ro(l?f) may not be a small set, and even in the two situations where 
we shall use this construction ISnbsection 11.261 and Definition 12.15|1 it will a priori 
not be clear whether or not the result is not a proper class. In fact, even when it is 
a proper class, this has no significant effect at all on the theory we develop, so we 
decided not to go into this question any further. Additionally, in the monadic case 
the smallness of the cohomology groups follows from the interpretation in terms of 
Barr-Beck cohomology. 


1.7. A lemma on double split epimorphisms. By a result in [TO], a finitely 
complete category is naturally Mal’tsev [53] when, given a split epimorphism of 
split epimorphisms as in 



(K) 


(all squares commute), if the square is a (down-right) pullback of split epimor¬ 
phisms, then it is an (up-left) pushout of split monomorphisms. As a consequence 
we obtain the following lemma (see also [53] and |37|1. 


Lemma 1.8. In a naturally Mal’tsev category, given a double split epimorphism 
such as m, the universally induced comparison morphism 


[a, /i]: Ai -> Ao X Bp Bi 


to the pullbaek of /o and b is a split epimorphism, with a unique splitting 


: Ao X Bp i?i ^ Ai 

such that a = iy[lAo,bfo] o.nd fi = i^[fob, IbJ- D 

It is well known that every additive category is naturally Mal’tsev. In partic¬ 
ular, for any semi-abelian category the above lemma is valid in the abelian 
category Ab(.^). 


1.9. The von Neumann construction of the finite ordinals. We shall write 
0 = 0 and n = {0,..., n — 1} for n ^ 1. We also write 2” for the power-set of n, 
considered as a category of which an object is a subset of n, and an arrow I ^ J 
is an inclusion I J. 
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1.10. Higher arrows. Let ^ be any category. The category Arr"(.^) consists of 
n-fold arrows in Arr°(.^) = , while Arr^(.^) = Arr(.^) is the category of 

arrows in and Arr"''"^(.^) = Arr(Arr"(.^)). 

The category of arrows in is the functor category Fun(2°P, 3^) = Sim¬ 

ilarly, any n-fold arrow F in may be viewed as an “n-fold cube with chosen 
directions”, a functor F: (2")°p ^ and any morphism of n-fold arrows as a 
natural transformation between such functors. If F is an n-fold arrow and I and J 
are subsets of n such that I ^ J, we shall write Fj = F{I) for the value of F 
in I and fj:Fj—* Fj for the value of F in the morphism induced by the inclusion 
I ^ J. When I = J\{i} we write fi'. Fj ^ Fj for //. 

An n-fold arrow given as a functor F: (2”)°p ^ ^ can be seen as an arrow 
between (n — l)-fold arrows F: domF codL", where its domain domF is deter¬ 
mined by the restriction of L" to all J c which contain n — 1, and its codomain 
cod F by the restriction of F to all I n which do not contain n— 1. Thus, if n ^ 2, 
we may see F as a commutative square 


X—^C 

d g 

V V 

D - 

/ 


(L) 


in Arr"“^(j?r) or, equivalently, a morphism {c, f): d ^ g of Arr"“^(.^). 

Given an n-fold arrow F: (2")°p —<■ ^, we can always consider the restriction of 
this diagram to the subcategory 2"\{n}; it is the n-fold cube F without its “initial 
object” Fn- When it exists, write (LF, (pr^jig^) for the limit of this diagram, and 

for the universally induced comparison morphism. 

Lemma 1.11. Given n'^1, if F is an n-fold arrow considered as a square © of 
(n — l)-fold arrows, then LF may he obtained as LG, where the (n— l)-fold arrow G 
is [d,c]'. X ^ D X z C, induced by the pullback of f and g. Furthermore, Ip = Ig- 

Proof. This is part of the proof of Proposition 1.16 in inz]. □ 


1.12. Higher cubic extensions. Let be a semi-abelian category. A zero- 
cubic extension in tZ" is an object of tZ" and a one-cubic extension is a regular 
epimorphism in tlF. For n ^ 2, an n-cubic extension is a commutative square ([Q 
in Arr"~ {•SF) such that the morphisms c, d, /, g and the universally induced 
comparison morphism [d, c]: X ^ D x z C to the pullback of / with g are (n — 1)- 
cubic extensions. The n-cubic extensions determine a full subcategory Ext”(.;?r) 
of Arr”(jr), and Ext(jr) = E.xt^{3F). 

Proposition 1.13. [37] Given any n-fold arrow F in a regular category, the fol¬ 
lowing are equivalent: 

(i) F is an n-cubic extension; 

(ii) for all 0 ^ I ^ n, the morphism F/ —> limjc/ Fj is a regular epimor¬ 
phism. 

In particular, the induced comparison Ip = (/o,.. ., fn-i) ■ Fn —>■ LF is regular epi- 
morphic. □ 

In a Mal’tsev category, a double split epimorphism such as m above is always 
a two-cubic extension. That is to say, the induced comparison morphism [a, fi] 
may not be a split epimorphism as in Lemma 11.81 but it will certainly be a regular 
epimorphism. More generally, any split epimorphism between one-cubic extensions 
is a two-cubic extension, as follows from [261 Theorem 5.7]. 






18 


DIANA RODELO AND TIM VAN DER LINDEN 


1.14. Extensions as diagrams of short exact sequences. In what follows we 
view higher extensions slightly differently: as diagrams of short exact sequences, 
such as the one displayed in Figured] on page [3] and in Figured) on paged! 

Consider the ordinal 3 as a category 0 ^ 1 ^ 2 and, for n ^ 1, its n-th power 
3" = 3 X • • • X 3. The category 3" has initial object = (0,..., 0) and terminal 
object tn = (2,..., 2). Moreover, it has an embedding 

■ 3 ^ d • ^ ' * (^1; ■ • ■ ; £-2 — 1, C^-l-l, • . . , Ctt.) 

parallel to the i-th coordinate axis, for each object e of 3". 

Now, given objects Z and A in an n-fold extension (under A and over Z, 
or of Z by A) in is a functor E: (3")°p ^ which sends in to Z and tn to A, 
and such that each composite 


3°P 


-^(3 


n\op 


E 




is a short exact sequence. 

For example, a one-fold extension under A and over Z is just a short exact 
sequence A = E 2 ^ Ei ^ Eq = Z. A two-fold (or double) extension under A and 
over Z is a 3 X 3-diagram [T2] as in Figured] in which each row and column is 
short exact: 

A = F/2^2 ^^ El 2 -1> Eq^2 

Y Y Y 

Y Y Y 

E2.1 ^ El l -Y'o.i 


E2,o ^ Y'l.o- Z — i?o,o 

Figure d| displays a 3-fold extension as a 3 x 3 x 3-diagram. In general, an n- 
fold extension is the same thing as a 3"-diagram in We write 3"-Diag(.^) 
for the category of n-fold extensions in considered as a full subcategory of 
Fun((3”)°P, SE). The natural embedding 2" —> 3" induces a forgetful functor 

(-)| 2 - : 3"-Diag( JT) -> Ext"( JT) ■, E ^ E = E\ 2 ^. 

We shall, however, always think of an n-cubic extension as being part of some 
3"-diagram. 

Proposition 1.15. For any n ^ 1, the forgetful functor 3"-Diag(.^) ^ Ext"(.^) 
is an equivalence of categories. 

Proof. By induction on n, we prove that an n-fold arrow underlies a 3"-diagram if 
and only if it is an n-cubic extension. This then shows that the above functor is 
well defined and (essentially) surjective. 

The case n = 1 is clear. Suppose now that n ^ 1. Then a 3”+^-diagram, being 
a short exact sequence of 3^-diagrams, corresponds to a short exact sequence of 
n-cubic extensions by the induction hypothesis. By Proposition 3.9 in @0], the 
exactness of this sequence is equivalent to its cokernel piece being an (n + l)-cubic 
extension. 

Moreover, the functor is fully faithful, because any morphism between the n- 
cubic extensions underlying two given 3"-diagrams extends uniquely to their chosen 
kernels. □ 

Depending on the situation, we may prove categorical properties of 3"-Diag(.^) 
for Ext"'(.^) and vice versa. 
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1.16. Augmented simplicial objects. Recall that the augmented simplicial 
category A+ has finite ordinals n > 0 for objects and order preserving functions for 
morphisms. The category s^{^) of augmented simplicial objects and augmen¬ 
ted simplicial morphisms in a category ^ is the functor category Fun((A+)°P,.^). 
An augmented simplicial object X : (A+)°p ^ \s usually considered as a sequence 

of objects with face operators di'. 'l^n ^ ^n-i and degeneracy op¬ 

erators (Ti: 'l^n ^ ^n+i for n > i ^ 0, subject to the simplicial identities 


diodj = dj-iodi ii i < j 

Cr^^CTj — if Z J 




-^ 

1 

o 

if i 

<j 

and 

O 

J’ 

II 

1 

if i 

= jOYi=j + l 



yojodi-i 

if i 

>3 + 1. 


Remark 1.17. All simplicial objects we shall be considering in this text will come 
equipped with some augmentation, even when we occasionally drop the word “aug¬ 
mented”. 


1.18. Truncations and coskeleta. For n > 0, let A+ denote the full subcategory 
of A”*" determined by the ordinals i ^ n. The functor category 

SArr”(jr) = Fun((A+)°P, JT) 

is the category of (n — l)-truncated simplicial objects in Indeed, as soon 
as ^ is finitely complete, there is the adjunction 

trn-l 

s+(ir) . X ^ SArr”(JT), 

COSkn —1 


where the truncation functor tr„_i is given by composition of a simplicial object 
with the inclusion A+ c A+, and its right adjoint cosk„_i by right Kan extension 
along this functor. More explicitly, a coskeleton of an (n — l)-truncated simplicial 
object may be computed using iterated simplicial kernels (see the next subsection). 

Clearly, tr„_iCosk„_i = lsArr"(. 2 r)- Conversely, a coskeleton of an (n — 1)- 
truncated simplicial object contains no information above simplicial degree n — 1; 
given any simplicial object X, we can remove all higher-dimensional information by 
applying the functor Cosk„_i = cosk„_itr„_i: s^(^) to it. 

Any (n — l)-truncated simplicial object may be considered as an n-fold arrow, 
through composition with the functor 

a • 9" ^ A + 

°n- ^ ^ ‘-^n 

which maps a set I ^ n to the associated ordinal \I\, and an inclusion / c J to the 
corresponding order-preserving map |/| -^ | J|. This defines a faithful functor 

arr„ = Fun(-,a„): SArr”( J") ^ Arr”( JT). 

(An in — l)-truncated simplicial object has the additional structure of the degen¬ 
eracies: a morphism of n-fold arrows between two given (n — l)-truncated simpli¬ 
cial objects need not commute with the degeneracy operators, and furthermore its 
components at two given sets of the same size need not coincide.) Hence, if X 
denotes the n-fold arrow underlying the (n — l)-truncation of a simplicial object X, 
then Xj = X(|J|) = and, in particular, A„ = X„_i. Note how the difference 

in font style allows to distinguish between the absolute degree n and the simplicial 
degree n — 1. 

In presence of enough projectives, we may now characterise higher extensions as 
follows. 
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Proposition 1.19. Given any n-fold arrow F in a regular category with enough 
projectives, the following are eguivalent: 

(i) F is an n-cubic extension; 

(ii) for any (n — l)-truncated degreewise projective simplicial object X, any col¬ 
lection of arrows (Xj —> satisfying the conditions of a morphism 

of n-fold arrows up to absolute degree i e n extends to an actual morphism 
of n-fold arrows X —>■ F. 

Proof. We first use induction on i to prove that (i) implies (ii). Suppose a collection 
{Xj Fj)\j\sii like in the statement is given and let / c 77, be such that |/| = i + 1. 
Then we obtain the needed morphism Xj —> Fj as the dotted lifting in the diagram 

V 

X[ ——> limjc/ Xj -> limjc/ Fj 

—which exists because Xj is projective by assumption, while the right hand side 
vertical arrow is a regular epimorphism by Proposition II.IHI 

To see that (ii) implies (i) we again use Proposition 11.131 This time we have 
to show that any morphism P — > limjc/ Fj for P projective lifts to a morphism 
P ^ Fj. We simply use the {n — l)-truncation of the constant simplicial object P, 
and extend the collection of arrows induced by the given arrow to a morphism of 
n-fold arrows to obtain the needed lifting. □ 


1.20. Simplicial kernels. Let 

(/,: X^y),en 

be a sequence of n morphisms in a finitely complete category ^. A simplicial 
kernel of (/o,..., fn-i) is a sequence 

(^kiK > Ai)j0yi_|_i 

of n 1 morphisms in satisfying fikj = fj-iki for 0 ^ i < j ^ n, which is 
universal with respect to this property. It may be computed as a limit in ^. 

We need the following lemma, which is probably well known: 


Lemma 1.21. Let (/^: —> Y)i^n o-nd (/': X' —> be two seguences of n 

morphisms in a finitely complete category 3F, and consider morphisms y: AT —> AT' 
and v: Y —>■ Y' for which all squares in any diagram 




X 

Y 


X' 


V 

Y 


fl 




are pullbacks. Then all of the induced squares between the respective simplicial 
kernels of {fi)ien cind {fi)ien o-fe pullbacks as well. 

Proof. It suffices to give a formal proof in Set. Consider Xm in X and (xq, ..., x'^) 
in the simplicial kernel K' of (/()ien such that xi^m) = x'^. If (xq, ... ,x„) is an 
element of the simplicial kernel K of {fi)ien, then Xj necessarily satisfies 

'•ji.fmi.Xj)) = v{fj-i{Xm)) = fj-l{x{x^)) = fj-lix'^^) = fLix'j) 
in case m < j, and 

y{fm-l{Xj)) = v{fj{Xm)) = fjixiXm)) = fj{x'^) = fL-lix'j) 
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when m > j. This completely determines (xq, ... ,x„) via the pullback property 
which we assume to hold. It is also clear that any tuple (ccq, ..., x„) thus obtained 
is indeed an element of K. In fact, it turns out to be precisely the needed unique 
element for which xi^o, ■ • ■ j Xn) = {xq, ..., x'^) and k^ixo ,..., x„) = Xm- Q 


When X is a simplicial object and n ^ 0, we write 


{di'. A(X,n) ^ X„_i)ie„+i 


for the simplicial kernel of the faces (A: X„_i ^ X„_ 2 )ien- The object A(X,n) 
consists of n-cycles in X. For instance, the object A(X, 2) of 2-cycles in X contains 
empty triangles: 



7 


Note that A(X,n) = L(tr„X). Clearly A(X, 1) = Eq(5o); we also write A(X, 0) 
for X_i. 

As mentioned in Subsection 11.181 any (n — l)-truncated simplicial object X 
in ^ may be universally extended to an n-truncated simplicial object. Its ini¬ 
tial object and morphisms, in (absolute!) degree n -f 1, are given by the simplicial 
kernel (ki'. K —>■ of the initial morphisms (xi: Xn —> Xn-i)isn of X. The 

degeneracies [aj: A„ —> K)j^n are induced by the simplicial identities 


kj^^CTj 


Gj-ioXi \i i < j 
< lx„ if i = j or i = j + 1 
GjOXi-i if i > j + \ 


of X and the universal property of the simplicial kernel. Repeating this construction 
indefinitely gives the (n — l)-coskeleton of X. 


1.22. Resolutions. An augmented simplicial object X in a regular category is 
called acyclic or a resolution (of X_i) when for every n > 0, the comparison 
morphism 

X„ ^ A(X,n) 

is a regular epimorphism. (Every n-cycle is a boundary of an n-simplex.) As 
explained in in a semi-abelian category this is the case precisely when all the 
truncations of X, considered as higher arrows, are extensions. Eor this reason we 
may sometimes also call a truncated simplicial resolution an extension. 


1.23. The simplicial objects 1K(A, n) and 1K(Z, A, n). Let A be an abelian group 
in a Barr-exact category ^ and take n ^ 1. The augmented simplicial ob¬ 
ject [K(A, n) is the coskeleton of the (n + l)-truncated simplicial object 


n+1 n n —1 n —2 ••• 0 —1 


5n + l 

-V 





A"+i — A 

: ' 1 

1 


1 



-^^ 

pro 






with the A in simplicial degree n (in absolute degree n -I- 1), where the degeneracies 
I —>■ A are determined by the neutral element 0 of A and dn+i is equal to 

n 

(-l)"2(-l)>r,. 

i=0 
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When the category is a slice jZ over an object Z in a semi-abelian category 
and {A, ,f) is a Z-module, the simplicial object [K((yl, ^),n), considered as a diagram 
in takes the following shape: 

n+1 n n—1 n — 2 0 —1 

^n+lXlz f 

XI Z {A,i) XI Z i i Z - Z =Z 

_I_^ ^ 

pro XI Iz t 

In case ^ is the trivial module structure r, we obtain 

n+1 n n—1 n—2 ••• 0 —1 


Prz _ 

i z ■■■ z =z 

pr^ ^ 

with dn+i as above and degeneracies [0, \z]Z ^ A x Z. Given any object Z and 
any abelian object A, we shall write K{Z,A,n) for this simplicial object in In 
particular, IK(0,r4, n) = IK(^,n). 

1.24. (Exact) fibrations. Let X be a simplicial object in a finitely complete cat¬ 
egory and consider n > 2 and 0 ^ i ^ n. The object of (u, *)-horns in X is 
an object A*(X, n) together with morphisms Xj : A®(X, n) X„_i for i ^ j G n -f 1 
satisfying 

djoxk = dk-i°Xj for all j < k with j, k ^ i 
which is universal with respect to this property; also A°(X, 1) = Xq = A^(X, 1). 

For instance, the object A^(X, 2) of (2, l)-horns in X 



contains “composable pairs of arrows”. 

We write 

% = w ^ 

for the morphism induced by a family : W —> Xn-i)i^jen+i in which the mor¬ 
phism fi is missing. 

Now suppose that ^ is a regular category. A simplicial morphism (F: X ^ Y 
satisfies the Kan condition (respectively satisfies the Kan condition exactly) in 
degree n for i when the morphism 

(A,(r„]: X„ ^ A*(X,n) Y„ 

universally induced by the square 

X„-->Y„ 

di di 

Y Y 

ATX,n) -—> ATY,u) 

A“(r,Tt) 

is a regular epimorphism (respectively an isomorphism). The morphism (F is called 
a fibration when it satisfies the Kan condition for all n ^ 1 and alH. A fibration 
is exact in degrees larger than n when the Kan condition is satisfied exactly in 
simplicial degrees larger than n for all i. 

A regular category is Mal’tsev if and only if every simplicial object is Kan: every 
morphism X 1 is a fibration |26l Theorem 4.2]. Furthermore, a regular epimor¬ 
phism of simplicial objects in a regular Mal’tsev category is always a fibration [m 


dn + l'Z'^Z 

^n+l ^ ^ ^ X Z 


pro xlz 
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Proposition 4.4], The Kan property for simplicial objects may also be expressed 
in terms of higher extensions: in a semi-abelian category, a simplicial object X is 
Kan if and only if all of its truncations, considered as higher arrows in all possible 
directions, have a domain which is an extension |37j . 

Lemma 1.25. In a finitely complete category, given n ^ 1, i e n, and an augmented 
simplicial object X, the square 


A(X,n) 


v 

^ra-l 


[S 3 I 


^ A*(X,n) 

Y 

■» A(X,n- 1) 


is a pullback, where the arrow on the right is the restriction of 

dl_i X = di-i X • • • X di-i X A X • • • X A: 

i times n — i times 

to a morphism A*(X,n) —> A(X,n — 1). 

Here is a picture in degree n = 2 for i = 1: 


2 



I I 


7 





Proof. We again only need to give a formal proof in Set, where it suffices to compare 
the set of couples 


{Xi, (Xq, ■ - ■ , Xi, ■ - ■ , Xti)) G ^n—1 X 


which satisfy 
and 


with the set 


dj{xk) = dk-i{xj) for all j < k with j, k i 


A(x*) 


di-i{xj) ifj<i 
di{xj+i) iii^j<n 


{(xo, ...,Xn)e X"+J I di(xj) = A-i(xi) for 0 sg i < j ^ n}. 

These sets are clearly isomorphic, which finishes the proof. 


□ 


1.26. Higher-dimensional torsors. Let A be an abelian group in a Barr-exact 
category ^ and consider n 5= 1. A 1K(A, n)-torsor is an augmented simplicial 
object T equipped with a simplicial morphism 1: T ^ 1K(A, n) such that 
(Tl) It is a fibration which is exact from degree n on; 

(T2) T = Cosk„_iT; 

(T3) T is a resolution. 

Let Z be an object of a semi-abelian category ^ and (A,^) a Z-module. An 
u-torsor of Z by (A,^) is a 1K((A, ^), n)-torsor in the category fZ. Morphisms 
of IK (A, n)-torsors are defined as in the slice over IK(A, u), and thus we obtain the cat¬ 
egory Tors"(t?7, A) of 1K(A, n)-torsors in as a full subcategory of s+(.^)/IK(A, n). 
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When the action ^ is trivial, we call (T, t) an n-torsor of Z by A, and obtain the 
following picture: 


A(T,n+ I) 

X Z 


■ A(T,n) 


dn + lZ.lz 

-Xlz—S- 

pro X Iz ^ 


Ax Z 


-^T_ 


' 









' N 

' 

' 


When Z is an object of a semi-abelian category ^ and A is an abelian object 
in ^ considered as a trivial Z-module (^4, r), we write Tors" (Z, A) for the cat¬ 
egory Tors"(^/Z, (r4, r)). Taking connected components we obtain the set 

Tors" [Z, A] = 7roTors"(Z,r4) 

of equivalence classes of n-torsors of Z by A which is, in fact, an abelian group [34]. 

We shall further analyse the concept of torsor in Section S] for now it suffices to 
understand their cohomological meaning. 


1.27. The (n-l- l)-th cohomology group. It follows from [Ml Theorem 5.2] that, 
when is a Barr-exact category and 

G = (G: jr ^ JT, G ^ e: G ^ 1^) 

is a comonad on ^ such that the G-projectives coincide with the regular projectives 
in then 

H"+\l, r4)e = TTo Tors"( JT, r4) 

where A is an internal abelian group in and 1 is the terminal object. If now Z 
is an object of then G induces a comonad fjjZ = {G^,6^, e^) on ^^jZ via 


f GX% GGX \ 


( Gx a : \ 

G^/ = /o£x\ ]/g^G^ f=foexoeGX 

and ej = 

G^/=/o£x\ // 

V ^ ^ 


\ z ) 


for all /: X —>■ Z. Hence when, in a semi-abelian category , we consider an 
abelian object H as a trivial Z-module, we see that 

H"+i (Iz, (H, T))e/z = TTo Tors"( jr/Z, (H, r)) 


and 


H"+i(Z,H)e = Tors"[Z,H]. 

For instance, ^ may be chosen to be a variety of algebras over Set, so that G is 
canonically induced by the forgetful/free adjunction. In any case, Tors"[Z, A] does 
indeed carry an abelian group structure. Moreover, this defines an additive functor 


Tors"[Z, -]: Ab(jr) ^ Ab. 
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2. The groups of equivalence classes of higher central extensions 

We work towards a definition of the group Centr” {Z, A) of equivalence classes 
of n-fold central extensions of Z by A, extending the definition of Centr^(Z, A) 
given in Section 4 of m- We start with some basic theory of (higher-dimensional) 
central extensions, first recalling known results and then proving some new ones. 


2.1. Central extensions. We first consider some general dehnitions and results 
valid in a homological category with a chosen strongly Birkhoff subcategory. Here 
we follow m- 

A Galois structure [55] T = consists of categories 

and an adjunction 

/ 

li 


and classes S' and ^ of morphisms of ^ and respectively, such that: 

(i) JZ' has pullbacks along morphisms in S ; 

(ii) S and ^ contain all isomorphisms, are closed under composition and are 
pullback- st able; 

(hi) I{S) C 
(iv) H{^) c S. 

An element of S is called an d’-extension. 

We shall only consider Galois structures where is (at least) a homological cat¬ 
egory, all ^-extensions are regular epimorphisms, and is a full replete (^-reflective 
subcategory of . We shall never write its inclusion H. Such a subcategory is 
called strongly (^’-Birkhoff when for every (^’-extension f: X ^ Z the induced 
naturality square 


A 

Vx 

IX- 


^Z 


vz 


If 


-t>IZ 


(M) 


is a two-cubic (^’-extension. (The universally induced morphism to the pullback 
must be in S.) From now on we shall always assume this to be the case. 

If fZ" is an exact Mal’tsev category and S consists of all regular epimorphisms, a 
strongly (S’-Birkhoff subcategory of fZ' is precisely a Birkhoff subcategory: full, 
reflective and closed under subobjects and regular quotients in fZ', see (SD). A Birk¬ 
hoff subcategory of a variety of algebras is the same thing as a subvariety. Outside 
the exact Mal’tsev context, however, when S is the class of regular epimorphisms, 
the strong ^-Birkhoff property is generally stronger than the Birkhoff property, 
since not every pushout of extensions needs to be a two-cubic extension. 


Example 2.2 (Abelianisation). It is well known that, in any semi-abelian cat¬ 
egory fZ", the full subcategory Ab(.^) determined by the abelian objects is Birk¬ 
hoff. This is the situation which we shall be most interested in here, in particular 
from Subsection 12. 141 on. 

An S -extension f : X ^ Z in fZ is trivial when the induced square dHl) is a 
pullback. Of course, if X and Z lie in ^ then / is a trivial (^’-extension. The 
(S’-extension / is said to be normal when both projections prg, pr^^ in the ker¬ 
nel pair (Eq(/), pi'Q, prj^) of / are trivial. Finally, / is central when there exists 
an d’-extension g : Y ^ Z such that the pullback of / along g is trivial. 
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It is clear that every trivial (^-extension is central. Moreover, every normal 
^-extension is central; in the present context, also the converse holds (via The¬ 
orem 4.8 of m or Proposition 2.6 in uni). Hence the concepts of normality and 
centrality coincide. It follows immediately from the definition that pullbacks of 
^-extensions along (^’-extensions reflect centrality. Furthermore, in the present 
context. Proposition 4.1 and 4.3 in IMI may be modified to prove that both the 
classes of trivial and of central ^-extensions are pullback-stable. It is also well 
known that a split epimorphic central (^-extension is always trivial. 

The following important result (see [4811401 1 will be used in Section [S] 

Lemma 2.3. When ^ is a homological category and is a strongly S'-Birkhoff 
subcategory of SS, the reflector I: —>-t^ preserves pullbacks of S-extensions 

along split epimorphisms. □ 

2.4. The tower of Galois structures for cubic central extensions. Now we 

describe the Galois structures for centrality of n-cubic extensions introduced in m- 
We start with a semi-abelian category and a Birkhoff subcategory of 
Choosing S and ^ to be the classes of regular epimorphisms in and we obtain 
a Galois structure T as above —^ is strongly ^-Birkhoff. We may now drop the 
prefix S ; the elements of this class are the one-cubic extensions of Subsection 11.121 
Let us view the objects of as zero-cubic extensions, and the objects of ^ as 
zero-cubic central extensions. With respect to the Galois structure Tq = T, there is 
the notion of central extension, and it is such that the full subcategory 
of Ext^(.^) determined by those one-cubic central extensions is again reflective. Its 
reflector Ii: Ext^(j?r) CExt^(,^), together with the classes S^ and of one- 
cubic extensions in Ext^(j?r) and in CExt^(.^) (which we choose to be two-cubic 
extensions in and two-cubic extensions with central domain and codomain), 
in turn determines a Galois structure Ti. This Galois structure is again “nice” in 
that CExt^(.^) is again strongly ^^-Birkhoff in the homological category 
Inductively, this defines a family of Galois structures (r„)„^o: 

r„ = (Ext"(jr),cEx4(jr),(?",.^",/„,c), 

each of which gives rise to a notion of (n + l)-cubic central extension which deter¬ 
mines the next structure jlHl Theorem 4.6]. (Here S^ = S, ^ and Iq = /.) 

In particular, for every n 5= 1 we obtain a reflector (the centralisation functor) 

Ext"(.r) -> CEx4(jr), 

left adjoint to the inclusion CExt^(.^) c Ext"'(.^). 

For any n > 1, the n-cubic extension (F')cExi'^(s:) in the short exact sequence 

0-> <P’>CExtj(^) F I^F -> 0 

induced by the centralisation of an n-cubic extension F is zero everywhere except 
in its initial object (F)" = (.^))m because centralisation keeps all objects 

in an n-cubic extension fixed except the initial object. So, restricting to initial 
objects, we obtain a short exact sequence 

0-><F>">->F„->/„[F]->0 (N) 

in tlT. In parallel with the case n = 0 considered in Subsection 1 1.51 this object (F)" 
acts like an n-dimensional commutator which may be computed as the kernel of 
the restriction of the kernel pair projection (prQ)ji_i: Eq(F)ji_i domF„_i to a 
morphism 

<pro>"-i: <Eq(F)>"-i <domF>-i 
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in 3^. Furthermore, an n-cubic extension F is central if and only if the induced 
morphisms 

<pro>"-\<pri>"-i: <Eq(F)>-i - <domF>-i 
are isomorphisms—which happens precisely when they coincide; see |361 HD] for 
more details. The notation (F)" not mentioning the Birkhoff subcategory SB need 
not lead to confusion, because the only case which we shall use it in is .^ = Ab(^); 
keeping this in mind, we also write = QC) for the kernel oi rjx ■ X ^ abX 

when X is an object of 

Definition 2.5. An n-fold central extension is an n-fold extension of which the 
underlying n-cubic extension is central. 

Example 2.6 (The simplicial objects K{Z, A,n)). Given any integer n ^ 1, any 
object Z and any abelian object A in , the (n -I- l)-cubic extension underly¬ 
ing K{Z,A,n) is always trivial with respect to abelianisation. This follows by in¬ 
duction from the fact that both its domain and its codomain are n-cubic trivial 
extensions. Note, however, that the (n + 2)-fold arrow underlying 1K(Z, A, n) is not 
even a cubic extension! 

Example 2.7 (One-cubic central extensions). Recall that a surjective group homo¬ 
morphism f: X ^ Z is central (with respect to Ab) if and only if [Ker(/), A] = 0. 
This result was adapted to a semi-abelian context in nzms]: when is a semi- 
abelian category and = Ab(^) is the Birkhoff subcategory determined by all 
abelian objects in the one-cubic central extensions induced by the Galois struc¬ 
ture (the “categorically central” ones) are the central extensions in the algebraic 
sense. These may be characterised through the Smith/Pedicchio commutator of 
equivalence relations as those f: X ^ Z such that [Eq(/), Vjv] = A^, which means 
that the kernel pair of the arrow / is a central equivalence relation lSubsection ll.4|l . 
A characterisation closer to the group case appears in isni where the condition is 
reformulated in terms of the Huq commutator of normal subobjects so that it be¬ 
comes [Ker(/),A] = 0. 

Example 2.8 (Double central extensions). One level up, the double central ex¬ 
tensions of groups vs. abelian groups were first characterised in [57]: a two-cubic 
extension such as above is central if and only if 

[Ker(d), Ker(c)] = 0 = [Ker((i) n Ker(c), A]. 

General versions of this characterisation were given in [49] for Mal’tsev varieties, 
then in m for semi-abelian categories and finally in [ID] for exact Mal’tsev catego¬ 
ries: the two-cubic extension is central (with respect to abelianisation) if and 
only if 

[Eq(d), Eq(c)] = Ax = [Eq(d) n Eq(c), Vx]. (O) 

This means that the span (A, d, c) is a special kind of pregroupoid in the slice 
category jZ. 

The main technical problem here is that later on, we will use the Huq com¬ 
mutator of normal monomorphisms rather than the Smith/Pedicchio commutator 
of equivalence relations—and the correspondence between the two which exists in 
level one is no longer there when we go up in degree. In fact, it is well known and 
easily verified that if the Smith/Pedicchio commutator of two equivalence relations 
is trivial, then the Huq commutator of their normalisations is also trivial [TD]. But, 
in general, the converse is false; in ona a counterexample is given in the category 
of digroups, which is a semi-abelian variety, even a variety of H-groups |52] . The 
equivalence of these commutators is known as the Smith is Huq condition (SH) 
and it is shown in |DS] that, for a semi-abelian category, this condition holds if and 
only if every star-multiplicative graph is an internal groupoid, which is important in 
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the study of internal crossed modules [SS]- Moreover, the Smith is Huq condition is 
also known to hold for pointed strongly protomodular categories mi in particular, 
for any Moore category m) and in action accessible categories m ( in particular, 
for any category of interest mm)- 

The condition (SH) also implies that every action of an object on an abelian 
object is a module: here, the equality lEq(f),Eq(f)l = Av in Subsection 11.51 
follows from [Ker(/), Ker(/)] = [A, A] = 0. 

2.9. Two lemmas on higher centrality. The centrality of a cubic extension im¬ 
plies that certain induced lower-dimensional cubic extensions are also central. The 
present proof of Lemma 12.111 was kindly offered to us by Everaert and Gran; it is 
more general and more elegant than our original proof. In the case of abelianisa- 
tion, it also follows easily from Theorem 13.101 We first recall a well-known result 
(essentially Proposition 4.3 in |60)1: 

Lemma 2.10. In a semi-abelian category with a chosen Birkhoff subcategory, let 
f: X —>■ Y be an n-cubic central extension considered as an arrow between (n — 1)- 
eubic extensions X and Y. Then its kernel K is an (n — 1)-cubic central extension. 

Proof. The (n — l)-cubic extension K may be obtained as the kernel of the n-cubic 
trivial extension /g: Eq(/) ^ X, hence also as the kernel of the n-cubic extension 
/„-iEq(/) ^ /„_iA in □ 

Lemma 2.11. Let F be an n-cubic central extension in a semi-abelian category 
with a chosen Birkhoff subcategory. Then the one-cubic extension Ip: Fn —>■ LF 
induced by F is always central. 

Proof. The case n = 1 is clear (because then F = Ip), so take n ^ 2. We shall 
prove that for an n-cubic central extension, considered as a square (|L]) of (n — 1)- 
cubic extensions, the induced comparison [d, c): X —>■ D x z C is an (n — 1 (-cubic 
central extension G. Then the claim follows by induction, because Ip = Iq I>y 
Lemma |1.Ill Since [d,c) is an (n — l)-cubic extension by definition, we just have 
to show its centrality. 

Eirst we may reduce the situation to trivial extensions. Indeed, taking kernel 
pairs to the left, we obtain the diagram 

Eq(c) ==^ A —^ C 

Co 

r d g 

V /i V V 

Eqif)=^D—^Z. 

fo I 

It is not hard to see that the induced comparison [r, cg]: Eq(c) ^ Eq(/) x A is a 
pullback of the cubic extension [d, c]: the diagram 
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shows how the back pullback rectangle decomposes as a composite of pullback 
squares. Hence if (r, cq] is central then so is [d, c], because pulling back reflects 
centrality. 

Now we reduce to n-cubic extensions between (n — l)-cubic central extensions. 
Suppose that the square viewed as an arrow from d to 5 , is an n-cubic trivial 
extension. Consider the following cube, which displays the centralisation of d and 
of g using the notation of 



Recall from Subsection 12.41 that the centralisation functor only changes the domain 
of a cubic extension, which explains the two identity morphisms in the cube. Since 
the front square is a trivial extension, the top square is a pullback. By pullback 
cancellation, the top square of the prism between the front and back pullbacks is 
also a pullback, and it follows that the square of wiggly arrows is a pullback too. 
This completes the reduction, since cubic central extensions are pullback-stable. 

Finally, for an n-cubic extension © between (n — l)-cubic central extensions d 
and g the claim that [d, c]: X x ^ C is an (n —l)-cubic central extension holds, 
since (d, c] is a subobject of the cubic extension d in the category of (n — l)-cubic 
central extensions—indeed, a monomorphism of cubic extensions is a square of 
which the top map is a monomorphism—and cubic central extensions are closed 
under subobjects. □ 

2.12. (Central) extensions over a fixed base object. Let Z be an object of 
and n ^ 1. Denote by Ext^(.^) the category of n-fold extensions of Z or over Z, 
defined as the fibre over Z (the pre-image of the identity Iz) of the functor 

(-)o,...,o: 3”-Diag(jr) ^ : E ^ Eo,...,o 

which projects an n-fold extension on its terminal object—see Subsection 11.141 
Thus the objects of Ext^(^) are 3"-diagrams with “terminal object” Z, and the 
morphisms are those morphisms in 3"-Diag(.^) which restrict to the identity on Z 
under the functor (—)o,...,o- Similarly CExt^(JZ') is the full subcategory of Ext^(^) 
determined by the n-fold extensions of Z that are central with respect to ^ as in 
Definition 12.51 (The index ^ being dropped here is not really problematic, since 
we shall take ^ equal to Ab(J^) anyway from Subsection 12.141 on.) Sending an 
n-fold (central) extension to its underlying n-cubic (central) extension, we obtain 
an equivalence with the category of n-cubic (central) extensions over Z, the 
fibre over Z of the functor 

cod" = codo-.-ocod = (-)o: Ext"(jr) ^ 3E ■. E ^ Eq 

^ ■ ■ V ■ ■ 

n times 

or, in the case of central extensions, its restriction to CExt^(.^). 
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Lemma 2.13. Consider a semi-abelian category with a chosen Birkhoff subcat¬ 
egory. Let Z be an object of and n > 1. Then Ext^(.^) and have 

binary products: the product of two n-fold (central) extensions F and G over Z is 
an n-fold (central) extension over Z. Moreover, IfxG = If Xz Ig- 

Proof. Given two n-cubic extensions F and G over Z, their product F x G in the 
category Ext^(.^) is given pointwise by pullbacks in 

{F X G)i = Fj Xz Gi 

for I ^ n. To see that it is the product as n-fold arrows over Z, it suffices to 
verify the universal property. This n-fold arrow is indeed an n-cubic extension by 
Proposition 1 1.1 31 since 

{F X G)i ^ ^ Gi) hm(Fj Gj) 

= {Fi Xz Gi) (lim Fj Xz lim Gj) 

J^i J'^i 

= {Fi lim Fj) xz {Gi ^ lim Gj) 

J^i J'^i 

for all 0 7 ^ / c n. Note that in particular, 

IpxG = Ip Xz Ig'- {Fn lim Fj) Xz (G„ ^ lim Gj). 

J^n J^n 

The n-cubic extension F x G is central by the Birkhoff property of CExt^(.0'), 
it being a subobject in Ext"'(.0) of an n-cubic central extension. Indeed it is a 
subobject of the product (F/ x G/)/cn of F and G in CExt^(J0) which, since 
CExt^(.0) is a reflective subcategory, is computed pointwise as in Ext"(.0). □ 

2.14. The direction of a higher (central) extension. From now on we assume 
that .0 is a semi-abelian category and ^ = No{SF) is the Birkhoff subcategory 
determined by the abelian objects of SF. We introduce the concept of direction for 
n-fold (central) extensions in FF, which is crucial in the definition and in the study 
of the groups Centr"(0 A). As explained in [7H], this notion is based on Bourn’s 
concept of direction for internal groupoids m- 

Definition 2.15. The direction of an n-fold extension E is its initial object F 2,,,,,2 
(see Subsection II. 1411 . 

From the point of view of the underlying n-cubic extension F, it is the object 
Ker”(F), obtained by taking kernels n times—each time considering a (fc H- l)-cubic 
extension as an arrow between fc-cubic extensions—in the way determined by the 
extension E. If F is an n-cubic extension, then its kernel Ker(F) is an (n— l)-cubic 
extension, whose kernel is an (n —2)-cubic extension Ker^(F), and so on. By taking 
kernels n times we obtain a 0-cubic extension, so an object Ker"(F). 

If E is central then the direction of E is an abelian object of tZ' by Lemma [2.101 
and the convention regarding zero-cubic central extensions. Given any object Z 
of tZ', this defines the direction functor 

CExt^(jr) ^ Ab(jr). 

The fibre D))^ of this functor over an abelian object A is the category of n-fold 
central extensions of Z by A, which are special 3"-diagrams under A and over Z. 
Two n-fold central extensions of Z by A which are connected by a zigzag in D))^ A 
are called equivalent. As explained in Subsection 11.61 the equivalence classes, 
which we shall denote [F] for E an n-fold central extension of Z by A, form the set 

Centr’^(Z,A) =7ro(D(;i^)A) 

of connected components of the category c CExt 2 (^). 
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Remark 2.16. Abusing terminology, when this does not lead to confusion, we 
sometimes talk about the direction of an n-cubic extension —which is only deter¬ 
mined up to isomorphism, since this n-cubic extension may be part of many n-fold 
extensions. 

Lemma 2.17. For any n-fold central extension E with underlying n-cubic exten¬ 
sion F we have 

0{n,z)E = Keiilp) = Pi Ker(/,) 

iEn 

where Ip o-nd the morphisms fi are as in \l.l(A 
Proof. The chain 

Keiilp) = Ker(lKer(F)) = • • • = Ker(lKer'*-i(F)) = Ker(Ker”"^(F)) 
gives us the first equality; the second is immediate from the definition. □ 

Remark 2.18. For an n-cubic extension F underlying an n-fold extension E, an 
“element” x of Fn is an n-dimensional hyper-tetrahedron with faces Xi = fi{x). Such 
a tetrahedron is in the direction of E precisely when all its faces Xi are zero—see 
Figure [Hon page El for the case n = 3. 

2.19. The group structure on Centr"(Z, A). We are now ready to show that 
the set Centr"(Z, A) of equivalence classes of n-fold central extensions of Z by A 
carries a canonical abelian group structure ('Corollarv l2.22l) . 

Lemma 2.20. For any object Z of a semi-abelian category 3F and any n ^ 1, the 
direction functor D(^n,z) ■ CExt^[ifF) —>■ Ab(.^) preserves finite products. 

Proof. The terminal object 1 of CExtz(t^) is determined by the “constant” n-cubic 
central extension of Z formed out of the identities 1 z; it is clear that the direction 
of 1 is zero. 

Given two n-fold central extensions with respective underlying n-cubic exten¬ 
sions F and G over Z and directions A and B, we have to prove that their product 
over Z has direction A x B. Lemma 12.131 tells us that the product in question 
does indeed exist. While lemmas 12.171 and 12.131 give us the direction: the kernel 
o{ Ip xG = 1'FXz la ^sAxzB = AxB, since the morphisms from A and B to Z 
are null. □ 

Proposition 2.21. Let Z be an object of a semi-abelian category SF. Mapping 
any abelian object A of FF to the set Centr"(Z, A) of equivalence classes of n-fold 
central extensions of Z by A gives a finite product-preserving functor 

Centr”(Z,-): Ab(jr) ^ Set. 

Proof. We explain how the functoriality of Centr"(Z’, —) follows from the functori- 
ality of Centr^(LF, —), which is an instance of Proposition 6.1 in [50]. Given an 
n-fold central extension £1 of Z by A with underlying n-cubic extension F, we have 
an induced one-fold central extension 

0 -> Ai>-^F„ —^LF->0 

by Lemma 12.111 and Lemma 12.171 Now let a: A ^ F be a morphism of abelian 
objects in tZ". Then, applying the function Centr^(LF, a) to [^f]> we obtain an 
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element of Centr^(LF, _B) through the following construction. 


At>- 


kp 


Fr,. 


If 




-^0 


(u.o] 


[1f„ .0) 


0 

0 


^ A® B FnX B- 


[a 1 b ] 

- > B>- 


-t>LF 


> F' 


->LF 


»0 

»0 


(Here H © H is the biproduct of A and B in Nai^SF), which may be computed as 
their product H x H in and F^ is the pushout of [« is] and kp x 1^.) We 
define Centr"'(Z, a)[i?] = [E'], where E' is determined by the n-cubic extension 
F' with initial object F^, with initial morphisms /' = pr^ oZ^., for i e n, and with 
Fj = Fj for all I n. The centrality of F' is a consequence of F being central, 
since the extension F' is a quotient of F x lK(i3, n — 1), which is central as a product 
of central extensions (see Example 12.61) . The functoriality of Centr"(Z, —) is now 
an immediate consequence of the functoriality of Centr^(LF, —). 

The functor Centr"(Z, —) preserves terminal objects: indeed, Centr"'(Z,0) is a 
singleton, because the terminal object of CExt’^(JF) has direction 0 by Lemma r2.201 
if E is an n-fold central extension of Z by 0, there is the unique morphism F 1 
to testify that [F] = [1]. As for binary products, we must define an inverse to the 
map 


Centr”(Z,A x B) < . CmtFfZ. 4) x Centr"(Z,F). 

[Centr^ (Z,pr^) jCentr”" (Z,prg)} 


This inverse takes a couple ([F], [F']) and sends it to [F x F'], where the product 
is taken over Z: Lemma [2.201 insures that the direction of E x E' is A x B, and the 
two morphisms are easily seen to compose to the respective identities. 

Indeed, for any couple ([F], [F']), the n-fold extension F is an element of 
Centr"'(F, pr^)[F x F'], while E' is an element of Centr”(F, prg)[F x F']. This 
proves that the dotted arrow is a section. On the other hand, by the universal 
property of pullbacks, any n-fold extension F of F by A x F is connected to F x F' 
when ([F],[F']) = [Centr"(F, pr^), Centr"(F, prg)][F]. Hence the dotted arrow 
is a retraction. □ 


Corollary 2.22. When is a semi-abelian category, the functor Centr"(F, —) 
lifts uniquely over the forgetful functor Ab —> Set to yield a functor 

Centr”(Z, -): Ab( JT) ^ Ab. 

In particular, any Centr"(Z, A) carries a canonical abelian group structure. □ 


3. The geometry of higher central extensions 

We give a geometrical interpretation of the concept of higher central extension, 
essentially a higher-dimensional version of Bourn and Gran’s result m that a one- 
cubic extension f: X ^ Z is central if and only if its kernel A is abelian and its 
kernel pair (Eq(/), /o, /i) is the product A x A with /g = prj^ and /i = (fkerf.ix 
in Subsection O Our Theorem 13.101 in essence says that an n-cubic extension F 
is central if and only if 

(i) the direction of F is abelian, and 

(ii) any face in any n-fold diamond in F is uniquely determined by an element 
of the direction of F. 
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In the following sections this will lead to an equivalence between torsors and central 
extensions, Theorem I5.H1 which in turn will lead to our main result on cohomology, 
Theorem 16.71 


3.1. Higher equivalence relations. Recall that a double equivalence relation 

is an equivalence relation of equivalence relations: given two (internal) equivalence 
relations Rq and i?i on an object X, it is an equivalence relation R ^ Ri on the 
relation Rq ^ X as in the diagram below: 


R 

^Ri 




Pr? 

rl 


NA.- J.0 



Rq 

i^X. 


That is, each of the four pairs of parallel morphisms on this diagram represents an 
equivalence relation, and these relations are compatible in an obvious sense. For 
instance, i?i DRo denotes the largest double equivalence relation on Rq and Ri , a 
two-dimensional version of Vx; see [Ml [53 SHUSH- It “consists of” all quadruples 
(a, P, 7 , 6) in in the configuration 

7./3 

i i 

S . 0 . d, 

a 2 X 2 matrix where {6, a), ( 7 , /?) G Rq and (a, /3), {6, 7 ) G i?i. We shall be especially 
interested in the particular case where R is induced by a two-cubic extension F as in 
Diagram ©, as follows: Rq = Eq(c) is the kernel pair of c, the relation Ri = Eq(d) 
is the kernel pair of d and R = Eq(c?) □Eq(c). It is easily seen that then the rows 
and columns of the induced diagram 


Eq(d) □Eq(c) 


Eq(/) 


» Eq(g) 



(P) 


are exact forks, so consist of (effective) equivalence relations with their coequalisers; 
it is a denormalised 3x3 diagram as studied in M- Since the “elements” of X 
may now be viewed as arrows with a domain in D and a codomain in C, any 
“element” of Eq(d) □ Eq(c) corresponds to a (two-fold) diamond in the two- 
cubic extension F : 



Note the geometrical duality here, which at this level is almost invisible since the 
dual of a square is a square. This will become more manifest in higher degrees. 
In some sense Eq((i)nEq(c) is a kind of denormalised direction of F (where the 
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kernels are replaced by kernel pairs), also in that Eq(d) □ Eq(c) may be considered 
as Eq^(F)—see Diagram (|P]) and compare with Definition 12.151 for n = 2. 

Inductively, an n-fold equivalence relation may be defined as an equivalence 
relation of (n — l)-fold equivalence relations. Considered as a diagram in the base 
category it has n underlying equivalence relations Rq, ..., Rn-i on a com¬ 
mon object X. An internal n-fold equivalence relation is the same thing as an 
internal n-fold groupoid (n-cat-group in the case of groups |fi5| : double categories 
appear in HISS], for instance) in which all pairs of projections are jointly mono- 
morphic. The largest n-fold equivalence relation on n given equivalence relations 
Rq, Rn-i on an object X —meaning that it contains all n-fold equivalence 
relations on those relations—is denoted 

□ (Q) 

2€n 

It has projections pr), and prj to Ri, for all i e n, and thus consists of 2"’ com¬ 
mutative cubes of projections, one for each choice of projection (either prp or prj) 
in each direction i e n. This largest n-fold equivalence relation on Rq, ..., Rn-i 
does indeed exist; the elements of Ri are n-dimensional matrices in X, in fact 
matrices of order 

2 X • • • X 2 . 

-V-" 

n 

In the i-th direction of the matrix (counting from 0 to n — 1) the elements are 
related by the equivalence relation Ri. In Subsection Id.21 we give a two-step formal 
construction. 

In practice the n-fold equivalence relation will be induced by an n-cubic ex¬ 
tension F, by taking Ri = Eq(/i). The induced object Eq(/i) = Eq"'(F) 

may then be considered as a denormalised direction of F. Its elements are called 
(n-fold) diamonds in F because of their shape in the lower dimensions. 



Eigure 3. |IIIi5=3 Eq(/i) for a three-cubic extension F 






























































HIGHER CENTRAL EXTENSIONS AND COHOMOLOGY 35 



Figure 4. Matrix and diamond for a three-cubic extension 


When F is a three-cubic extension (see Figure |3]) such a diamond is a hollow 
octahedron (see Figure|4]) of which the faces are elements of F 3 . We name the faces 
of the octahedron by the vertices of a cube which is formally a three-dimensional 
matrix where Eq(/o) is the left-right relation, Eq(/i) is bottom-top and Eq(/ 2 ) is 
front-back. Note how the geometrical duality between the octahedron and the cube 
is explicit here. 


3.2. Formal construction of Starting with an n-fold arrow. Given an 

n-fold arrow F, first consider it as an arrow domF —> codF between (n — l)-fold 
arrows, and then take its kernel pair Eq(F) domF. By Corollary 3.10 in |40) . 
both projections are n-cubic extensions in ^ if such is F. Then consider those 
(n — l)-fold arrows as (vertical) arrows between (n — 2 )-fold arrows and take kernel 
pairs, obtaining a double equivalence relation 


Eq^(F) ^ Eq(domF) 


w 

dom Eq(F) 


w 

^ dom^ F 


of (n — 2)-fold arrows. All commutative squares in it are n-cubic extensions in 
if such is F, again by gni Corollary 3.10]. Repeat the process until an n-fold 
equivalence relation in ^ is obtained. The object Eq"(F) is | Eq(/i). 

Starting with equivalence relations {Ri)isn- Take coequalisers fi so that each Ri 
is Eq(/i). Take pushouts of the fi along each other and along their pushouts until 
an n-fold arrow F is obtained. Now we can apply the above construction to obtain 
Qen-R* = □z 6 „Eq(/,). 


3.3. Indexing the elements of nig„Eq(/i). Consider an n-cubic extension F. 
An element of nig„Eq(/i) being an n-dimensional matrix, its entries are indexed 
by the elements of 2", the subsets of the ordinal n. An entry xi in a matrix 
X G Eq(/i) finds itself in the first entry of the i-th direction when i f I and in 
the second entry of the i-th direction when i G I. Hence the entry xj = prj(x) is 

(p4(o) °p4(i) ° • • • °Pi-5Hi-i))(a;) (R) 


where 
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and prg and are the first and second projection of Eq(/i), extended to morphisms 

□ Eq(/,)- □ Eq(/,) 

jek jek\{i} 

for all i < /c ^ n (see Eigure IS. Two entries xj and xj are related by Eq(/i) 
when the only difference between I and J is that one does, and the other does not, 
contain i. So {xi,xj) e Eq(/i) when J = I vj {i] or I = J yj {i}. 

For instance, in Figure 01 the face /3 corresponds to the entry X 2 ' the set 2^3 
contains 0 and 1 but it doesn’t contain 2. 

3.4. The induced n-cubes. As explained in the paragraph following above, 
given an n-cubic extension E, any choice of a set I n corresponds to one of the 
commutative n-cubes in the n-fold equivalence relation nigjjEq(/i), namely the 
cube whose diagonal m “picks” the /’th entry of any given n-fold diamond. We 
shall denote it □(E,/). In fact, it again forms an n-cubic extension in and its 
initial morphisms are the 

pr^^(,): □Eq(/,)- □ Eq(/,). 

jen jen\{i} 

The property of being an extension follows, for instance, from the fact that all its 
morphisms are compatibly split (by the reflexivity of all the equivalence relations 
involved). Since no confusion with the other arrows is possible (compare with the 
notation introduced in Subsection ll.lOl) . we shall denote such a “composed splitting” 
or “composed projection” 

when J c E" G 2" or E' c J g 2", respectively. 

3.5. The objects Qien Given an n-cubic extension E and I n, the 

elements of the object Eq(/i) are diamonds in E with the /-face missing, or 

equivalently, n-dimensional matrices (of order 2 x • • • x 2) with the /-entry left 
out; it is the limit L(n(E, n\/)) from Subsection 11.101 determined by the n-cubic 
extension n(E, n\I). Indeed, removing an /’th vertex from a cube is the same thing 
as considering only those faces which contain the complementary (n\/)’th vertex. 
Let 

= hiF,n\i) ■■ □Eq(/i) ^ []]Eq(/,) 

i€n ien 

denote the canonical projection which forgets the /-face, then clearly the kernel 
of TT^ is isomorphic to the direction of E. (If a diamond is in the kernel of then 
all faces but one in this diamond are zero, and of course this face has its boundary 
zero.) In fact, this gives us a version of Lemma 11.251 valid for higher extensions: 

Lemma 3.6. For any n-cubic extension F, the square 

Qe„Eq(/.)^QLEq(/,) 

PD 

Y 

Fn 

is a pullback. 

Proof. This follows from Lemma 11.21 since Ker{[fi]i) = D(„ ,z)F = Ker(7r'^) as 
explained above. □ 


ifi]i 


-^LE 












HIGHER CENTRAL EXTENSIONS AND COHOMOLOGY 


37 


For instance, in [ZJies Eq(/i) we have 3-fold diamonds as in Figure H] in which 
the face /3 = X 2 is missing. 

In degree two the pullback Eq(d) x x Eq(c) (mentioned in the introduction, and 
computed as in Diagram O) that contains two-fold diamonds in which the face 8 
is missing, is nothing but Eq((i) Eq(c), and the projection tt is 

3.7. Analysis of centrality in degree two. As explained in [75] (and, in full 
generality, in the proof of Theorem 13.101 below), the two-cubic extension F from 
Diagram is central if and only if in the diagram 

<Eq(d)nEq(c)>—<Eq(d) XxEq(c)> 

Y Y 

Y Y 

A >-> Eq((i) □ Eq(c) ^.> Eq(d) x x Eq(c) 

TT 

(i) 

V ^ V ^ 

Ker(ab7r) >-> ab(Eq(d) □Eq(c)) ^ > ab(Eq((i) Xx Eq(c)) 

abTT 

the morphism (tt) is an isomorphism. (Recall the bracket notation from (iDll . ) By 
Lemma rOl this occurs when the square (i) is a pullback, which is precisely saying 
that TT is a one-cubic trivial extension. (Indeed tt is a one-cubic extension, because 
it is the comparison to the pullback in a two-cubic extension, in fact in a double 
split epimorphism.) 

Note that abyr is a split epimorphism by Lemma [1.81 because ab preserves the 
pullback Eq(d) Xx Eq(c): in fact, it preserves all pullbacks of split epimorphisms 
along split epimorphisms, or even all pullbacks of split epimorphisms along cubic 
extensions lLemma l2.3l) . This makes ab7r a product projection. Eurther recall that 
the kernel of tt is the direction of F. Finally, note that the splitting v commutes 
with the sections in the double equivalence relation Eq(d) □ Eq(c) and the ones 
induced to Eq((i) Xx Eq(c). In fact, it is uniquely determined by this property 
fLemma ll.8|l . 

Hence if F is central then tt is a split epimorphism, in fact a product projection 
(since product projections are stable under pullbacks), and thus we see that 

Eq((i)nEq(c) = A x (Eq{d) Xx Eq(c)) (S) 

where A is the direction of F, an abelian object. Conversely, whenever A is abelian 
and TT is the projection in the product the extension tt is trivial, so that the 
square (i) is a pullback, and E is a two-cubic central extension. 

The inclusion t of Eq((i) x x Eq(c) into Eq(d) □ Eq(c) is compatible with de¬ 
generacies in the following sense. The conditions which determine v uniquely in 
Lemma 11.81 extend to the splitting i of tt, so that t maps 



Note how the conditions satisfied by a Mal’tsev operation appear here. 

We may also view this slightly differently: by Lemma 3.3 in m, the condition 
[Eq(d), Eq(c)] = Ax in (|0]l is equivalent to the morphism 

tt: Eq((i)nEq(c) ^ Eq(d) Xx Eq(c) 

being a split epimorphism, compatible with certain splittings as in Lemma ll.81 Also 
Ax = [Eq((i) n Eq(c), Vx] if and only if tt is central [15]. Now a split epimorphism 
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is a one-cubic central extension if and only if it is a one-cubic trivial extension, so tt 
is trivial—the square (i) is a pullback—when the commutators [Eq((i), Eq(c)] and 
[Eq(c?) n Eq(c), Vjf] vanish. 

3.8. Higher degrees. This characterisation of centrality goes up to higher dimen¬ 
sions. The basic idea is to show by induction that an n-cubic extension F is central 
if and only if the morphisms 

<7r^>:<nEq(/,)>-<HEq(/,)> 

ien ien 

are isomorphisms. As we shall see, this then amounts to an isomorphism 

□ Eq(/O = Ax0Eq(/,) (T) 

zen i€n 

where A is the direction of F: any missing face in an n-fold diamond is completely 
determined by an element in A. 

Lemma 3.9. When 3F is a semi-abelian category, the functor ab: /Kh{3F) 

preserves any limit Eq(/i) induced by any n-cubic extension F and I ^ n. 

Furthermore, the comparison morphism 

abTT^: ab(QEq(/i)) ^ [T] ab(Eq(/,)) 

z£n i€n 

admits a splitting. This splitting is uniguely determined by the property that it 
commutes with the sections in the n-cubic extension ab(n(E, n\/)) and the induced 
sections to the limit object ab(Eq(/j)). 

Proof. The first part follows from Lemma 12.31 because by Lemma 11.111 the limit 
L(n(E', n\I)) may be computed by repeated pullbacks of regular epimorphisms along 
split epimorphisms. 

Indeed, all arrows in the cube □(F, n\/) are (compatibly) split, so that the 
pullback in the statement of Lemma 11.111 is a pullback of a split epimorphism 
along a split epimorphism. Now Lemma 11.111 is applied to the induced (n — 1)- 
cubic extension G, in which all morphisms are (compatibly) split, except in the 
direction [d, c). We now take a pullback of an extension along a split epimorphism. 
This procedure is repeated until nothing but a pullback of a regular epimorphism 
along a split epimorphism is left. Again, by Lemma 12.31 all those pullbacks are 
preserved. 

In the abelian category Ab(Arr"“^(.^)), the reflection (abd, abc] of (d, c] is a 
split epimorphism by Lemma 11.81 There is actually a unique splitting, compatible 
with the sections in the square ©, coming from the fact that the Eq(/i) are 
equivalence relations. Also at each further stage of the above proof we may now 
apply Lemma 11.81 so that at every stage a pullback of a split epimorphism along 
a split epimorphism is taken, and eventually the needed morphism is obtained. 
The requirement that at each stage the chosen splitting commutes with the given 
sections determines uniquely. □ 

Recall from Subsection [131 the notation (F)” for the initial object of the kernel 
of the unit of the centralisation of an n-cubic extension F, which vanishes if and 
only if F is central. It determines a functor Ext"'(.^) ^ In particular, 

(—) = (—)°: ^ is the kernel of the unit of the abelianisation functor as 

in dni). 
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Theorem 3.10. In a semi-abelian category, let F be an n-cubic extension with 
direction A. Then the following are equivalent: 

(i) F is central; 

(ii) the n-cubic extension (□(-?, /)) is a limit n-cube; 

(iii) the morphism (Qign Eq(/i)) ^ ([Z][ert ^*l(/i)) isomorphism; 

(iv) A is abelian and [IIIig„Eq(/i) = A x Qien have a short exact 

sequence 

0 -> ^ Eq(/,) ^ Eq(/,) -> 0 

where tt^ is a product projection; 

for any, hence for all, I n. Furthermore, when these conditions are satisfied, 
there is a unique splitting 

□Eq(/,)-GEq(/,) 

zen 2£n 

of TT^ which commutes with the given sections in the n-cubic extension □(-?, n\I) 
and the induced sections to the object [I]jg„ Eq(/i). 

Proof. First we show that (i) and (ii) are equivalent. The n-cubic extension F, 
considered as a morphism domE codE, is central if and only if either one of 
the projections Eq(E) ^ domE is trivial. This, by definition of trivial extensions, 
occurs when the morphisms 

<Eq(E)>"-i -» <domE>"-i 

are isomorphisms (see Subsection l2.4l for more details). By Lemma fTT^ this happens 
when either one of the commutative squares in 


<Eq2(E)>"-2 ^ <Eq(domE)>”-2 


w 

(dom Eq(E))"“^ 


w 

^ (dom^ E>”-2 


is a pullback. This, in turn, is equivalent to either one of the commutative cubes in 


3 / Tp\\n — 2 


<Eq^(E)y 


<Eq^(domE))" 



<Eq(dom Eq(E)))’^ 



(Eq(dom E)) 


2 l?\\n-2 


(domEq (E)) 


W 

2(' l?I\n-2 


w 

<dom^ Eq(E)>"-2 


w 


(dom Eq(dom F))" 


(dom'" F> 


w 

3 Tp\n—2 



being a limit cube. This process continues until we obtain a cube of dimension n 
whose vertices are brackets (—) and whose edges are parallel pairs of arrows as 
in the diagrams above. This cube is precisely the n-fold equivalence relation 
(CHien considered as a diagram in ^—compare with the construction in 

Subsection l3.2l As in Subsection l3.41 a choice oi I ^ n picks one of any two parallel 
arrows in this diagram in such a way that we obtain the n-cubic extension {□(E, /)). 
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The equivalence between (ii) and (iii) is clear because (□(-?, I)} is nothing but one 
of the cubes induced by choosing an n-fold arrow (making a choice of projections) 
in the n-fold equivalence relation (nje„Eq(/i)) as in Subsection ld.4l so (tt^} is 
an isomorphism if and only if this cube is a limit. The functor {—) does indeed 
preserve the limit [ZJien since so does ab by Lemma [3.91 

Now we prove the equivalence between (iii) and (iv). Condition (iii) is equivalent 
to the square 


□,en Eq(/*)-^-> QL Eq(/*) 

ab(nie„ Eq(/,)) —^ Eq(/i)) 

aOTT 


(U) 


being a pullback, which means that tt^ is a one-cubic trivial extension. Since its 
kernel is the abelian object A, the extension is a product projection if and only 
if it is a split epimorphism. By Lemma [3.91 the latter condition does indeed hold. 

The final statement is again a consequence of Lemma 13.91 the needed mor¬ 
phism is induced by the pullback © and the splitting of ahn^ given by the 
lemma. □ 


In what follows we shall use this result to obtain one half of the equivalence 
between torsors and central extensions. 

Remark 3.11. Note that the splitting of tt^ constructed in the proof above 
is natural in F, so that also the product decompositions (iv) are natural in the 
extension considered. 

Remark 3.12. The proof of Theorem 13.101 shows that an n-cubic extension F is 
central precisely when, for any I n, the induced (n -I- l)-cubic extension 

□(F,/) ^ab(n(E,/)) 

is a limit (n -I- l)-cube. In fact, these (n -I- l)-cubic extensions are part of the regular 
epimorphism of n-fold groupoids 

□Eq(/*) ^ ab(QEq(/,)), 

ien ien 

which therefore is a discrete fibration if and only if F is central. (The concept of 
discrete fibration between higher-dimensional internal groupoids is the obvious 
extension of the one-fold groupoid case: any of its induced n-fold arrows must 
be a pullback. In the situation at hand this gives precisely the condition on the 
(n + l)-cubes □(F, J) ^ ab(n(F,/)) mentioned above.) In the article [3S], the 
authors study the Galois structure for n-fold groupoids in a semi-abelian category 
(n-cat-groups in Gp, for instance ESI) induced by the reflection 

n? 

Gpd”(.r) Dis"( JT) ~ jr 

'' Z) 

to ^ via the “connected components” functor to discrete n-fold groupoids. It turns 
out |38l Proposition 2.9] that the central extensions with respect to this reflection 
are again the regular epimorphisms of internal n-fold groupoids which are discrete 
fibrations. Hence an n-cubic extension F in is central relative to if 

and only if the induced extension of n-fold groupoids 77 ^. Eq(/i) is central relative 
to ^. 
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3.13. Higher central extensions as higher-dimensional pregroupoids. The 

isomorphisms m determine “multiplications” or “compositions” of (n — l)-dimen- 
sional hyper-tetrahedra (or n-dimensional hyper-triangles) in an n-cubic central 
extension, in the sense that any aggregation of hyper-tetrahedra in the shape of an 
n-fold diamond with a face missing “composes” to the missing face. That is to say, 
the composite morphism 

■ QL Eq(/z) A X Eq(/,) Eq(/i) F„ 

acts as a higher-dimensional Mal’tsev operation or, more precisely, as a higher¬ 
dimensional pregroupoid structure on F. Indeed, Proposition 13.141 below implies 
that p^ satisfies certain conditions which we could call higher-dimensional Mal’tsev 
laws. In higher degrees those algebraic properties of the p^ still have to be further 
studied—for instance, what about associativity?—but we may already give a few 
examples. 

In the two-dimensional case, 5 = p^ {a, P,'y) is the unique choice of <5 such that 
the projection a = pr^(a,/3, 7 , 5) of the diamond [a, (3,^,5) on the direction A 
is zero. In this case we may think of 5 as a composite Eurthermore, 

p*^(a,a, 7 ) = 7 , since once a = j3 we have to take <5 = 7 , as already explained in 
Subsection 13.71 Proposition 13.141 below gives us an alternative argument: there is 
no other choice possible for 5 because pr^(a, a, 7 , 5) has to be zero, and 5 = 7 is a 
valid choice, since pr^(a,a, 7 , 7 ) = 0 , so it is the uniquely valid one. 

Similarly, writing 6 = p^{a, b, c, d, a, 13, 7 ) for a configuration such as in EigureUl 
we find 

d = p^{a, b, c, d, a, b, c) 

< a = p^{a, b, b, a, a, (3, /3) 

7 =p0{b, b, c,c,/3,/3,7). 

Proposition 3.14. In a semi-abelian category, let F be an n-cubic central exten¬ 
sion with direction A. Then in any product diagram 

0 -^ ^ Eq(/,) fa Eq(/0 -> 0 

kerTT'' TT^ 

induced by Theorem \3.10[ the projection pr^ is an alternating sum 

Xi (V) 

J^n 

where pi' j: dligjj Eq(/i) —► Eji sends a diamond to its J-face. 

Proof. The idea behind the proof may be illustrated as follows in dimension two. 
(Here we let F be the two-cubic extension from Diagram ([Q to simplify notations.) 
When the calculation 


7 . 

....p 

7 - 

.^ P- 

. p 

p- 

. P 

0 . 

.0 

i 


- i 

\ 4 - i 


- i 

\ = 

i 


s .0- 

••••a 

7 .... 

-0 . P P- 

-0. p 

a-- 

•••0.a 

S — j -i- P — a- 

■■■0.d. 


in which we denote the equivalence classes in the quotient by representative ele¬ 
ments, is made in the abelian object ab(Eq(d) □Eq(c)), we see that the result be¬ 
longs to the kernel A of the projection ab 7 r*^. Indeed, the pullback Eq((i) x Eq(c) 
is preserved by the functor ab, and the projections to abEq((i) and abEq(c) send 
the above sum to zero. Writing = ??Eq(d) □Eq(c)> gives us the morphism 

Va°P ^0 - ’7n°pr{i} + ^°pr 2 - ^°pri: Eq(d)nEq(c) ^ A, 
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clearly a splitting for ker ; hence by Lemma 11.31 it is the needed product pro¬ 
jection. Note that the terms in this sum are obtained by projecting a diamond 
(a, /3, 7 , 5) to a certain subdiamond, and then considering it again as a two-fold 
diamond via reflexivity. In the first term we do not project at all, in the second 
term we project to (7,/3) in Eq(/o), in the fourth we project to (a,/3) in Eq(/i), 
and in the third term we project all the way to ^ 2 - 

For general n, let us again consider the commutative square © — which is a 
pullback by centrality of F —and the induced kernels: 


Eq(/,) 




->Qien Eq(/i) 


%L„Eq(/i) 


Al>->ab(Qg„ Eq(/,)) ——Eq(/,)) 


abTT^ 


Since ab([[][j 3 ^ Eq(/i)) = [ZJien Lemma 15^ the abelian object A be¬ 

ing the kernel of abTi-^ implies that it is the direction of ab(n(E, n\/)), which 
means A = Plien Ker(abpr^ order to dehne a morphism with codomain A, 

we now only need to define a morphism with codomain ab(Q^g^ Eq(/i)) which 
becomes zero when composed with the 

^ □ Eq(/i)). 

jen 

We shall use this procedure to define a splitting for kerTr-^ as an alternating sum, 
which will then automatically be the needed product projection by Lemma 11.31 
Recall the notation introduced in Subsection l3.4l Then, for any J n, write IQJ 
for the symmetric difference (J u J)\{I n J) of / and J, and put 

: □Eq(/,) - DEqa,). 

ien i€n 

This formalises the process of “projecting to a subdiamond, then including again 
via reflexivity”. Now note that, given any element x of Eq(/i), the /-entry of 
is xj. Furthermore, after projecting in any direction i e n onto Eq(/i), 
every morphism pr^ occurs twice: indeed 

when i ^ J. Two such terms will cancel each other when the alternating sum below 
is composed with ab?!^. Hence the induced morphism 

Ya DEqC/*) ^ ab(QEq(/,)) 

Jcin 

satisfies the conditions required to lift over A —that is to say, it becomes zero when 
we compose it with ab7r^. Its /-entry is precisely the needed formula m. while the 
other entries are zero. In particular, the morphism dYI does indeed split the kernel 
ofTT^ □ 


Note that the formula for the projection pr^ is independent of the chosen 
index / c n. 

When n = 1, Proposition 13.141 reduces to a well-known property of (one-cubic) 
central extensions (see ini) : if /://—> Z is central and xq, xi: W X are such 
that foxo = foxi, then they induce a unique morphism xi — xq'. W A to the 
kernel A oi f such that xq and xi — xq together determine xi. 
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4. TORSORS and CENTRALITY 


We analyse the concept of torsor from the point of view of centrality of higher 
extensions. We prove that a truncated simplicial resolution of an object Z is a, 
torsor of Z by an abelian object A if and only if the underlying extension is cen¬ 
tral with direction A iTheorem 15.91 one implication is Proposition 14.12L the other 
Proposition 15.8|) . 

Let Z be an object and {A, a Z-module in a semi-abelian category JZi'. Recall 
from Subsection 11.261 that an n-torsor of Z by (A, is an augmented simplicial 
object T together with a simplicial morphism 1: T —> IK((y4,^),n) such that 

(Tl) it is a fibration which is exact from degree n on; 

(T2) T = Cosk„_iT; 

(T3) T is a resolution. 

4.1. Why extensions? Condition (T2) in the definition of n-torsor means that 
(the simplicial object-part T of) an n-torsor (T, 1) is the (n — l)-truncated simplicial 
object T = tr„_iT fSubsection ll.lSL in the sense that this is the only information T 
contains. Its initial object is Tn = T(n) = T„_i. Condition (T3) means that the 
underlying n-fold arrow of T is an extension (Subsection 11.2211 . 

4.2. Why trivial actions? We shall prove that for an n-torsor (T, 1) of an object Z 
by a Z-module (^, ^) in a semi-abelian category, the action ^ is trivial if and only 
if the induced one-cubic extension 


[di]i = lT-Tn = T„_i ^ A(T, n - 1) = LT 


is central with respect to abelianisation. In other words, an n-torsor (T, it) has a 
trivial action if and only if 


[f|Eq(A),VT„ 

ien 


= ^Tn 


or, equivalently, 


[f|Ker(A),T„] = 0; 

i£n 


see Example 12.71 This extends Proposition 3.3 in m to higher dimensions. It also 
explains why only cohomology with trivial coefficients can ever classify higher cen¬ 
tral extensions: this commutator condition is part of the centrality by Lemma l2.11l 


Proposition 4.3. In a semi-abelian category, consider an object Z and a Z-mod- 
ule (^, ^). For any n-torsor (T, 1) of Z by (A,^), the kernel of 

[^^]^ = lT■. A(T,n-l) = LT 
is A, and the following conditions are equivalent: 

(i) the action ^ is trivial; 

(ii) the one-cubic extension It is central; 

(hi) for all i e n we have A(T,n) = A x A*(T,n); more precisely, 

di-. A(T,n) ^ A*(T,n) 
is a product projection with kernel A. 

Proof. For any i e n, Lemma [1.251 tells us that the square 


A(T,n)-^ A*(T,n) 

di 


is a pullback. Note that all its arrows are regular epimorphisms: the morphism A as 
any split epimorphism; [A]i since T is a resolution; and A either by the Kan prop¬ 
erty, which all simplicial objects in a semi-abelian category have, or as a pullback 
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of We see that the kernel of [di]i is isomorphic to the kernel of di lLemma |1.2l) . 
and furthermore [di\i is central if and only if so is di —indeed, central extensions 
are preserved and reflected by pullbacks of extensions along extensions. Since (T, t) 
is an n-torsor, also the square 


A(T,n)^^ 

di 






A*(T,n) 

A” 

Y 


is a pullback, by the exact fibration property. This already proves that the kernel 
of [diji is A (again Lemma ll.211 . Note that a split epimorphism with abelian kernel 
represents a trivial action if and only if it is a product projection, if and only if it is 
a trivial extension, if and only if it is a central extension. Again using that central 
extensions are preserved and reflected by pullbacks of extensions along extensions 
we obtain the claimed result. □ 


Hence, from now on, we shall only have to consider torsors of Z by a trivial 
module {A, r)—we called them n-torsors of Z by A in Subsection ll.261 — and restrict 
our cohomology theory accordingly. In this case, a torsor “looks” as follows: 


A(T,n + l) 

A"+i X Z ■ 


$ 


i5n + lXlz 
-pin Xlz-^ 


A(T,n) : W „_i ~ j ^ T„_2 - To- - ->T_i 


-> 

-> 


ao 


' N 

’ 



'V ^ ^ y Y _ Y Y 

AxZ ■ Z • Z ■ Z =Z 


pro xlz 








(W) 


Remark 4.4. It is clear from the proof that the product decomposition (iii) is 
natural in (¥,(!:), so that any morphism of torsors is compatible with the induced 
product decompositions. 


Lemma 4.5. For any simplicial resolution X, the kernel of any induced regular 
epimorphism di'. A(X,n) —> A®(X,n) is the direction A of the underlying n-cubic 
extension X. 


Proof. If an (n, i)-horn Xi of an n-cycle x in X is zero, then the z-face Xi which is 
missing in the horn must have boundary zero, so that Xi belongs to A. Conversely, 
the inclusion of A into A(X, n) takes an element a of A and sends it to the n-cycle 
in X which is zero everywhere—except in its z-entry, where it is a. This n-cycle is 
sent to zero by di. 

More formally, this also follows from Lemma 12.171 combined with Lemma I1.25L 
since [di]i = lx ■ ^n-i A(X,n — 1): the kernel of di coincides with the kernel 
of lx since the square in Lemma 11.251 is a pullback, and the latter kernel is A by 
Lemma 12.171 □ 

4.6. Multiplying simplices in a torsor. As explained in |33], given an n-torsor 
(T, t) of Z by A and an integer z G n, the isomorphism 

A(T,n) A X A*(T,n) 

induces a multiplication or composition of the simplices in a horn to the “missing 
face” such that the thus completed n-cycle “commutes”, in the sense that its pro¬ 
jection on A is zero. So a horn may be considered as a composable aggregation of 
simplices —compare with the higher Mal’tsev structures p^ from Subsection 13.131 
Indeed, we may simply use the morphism 

nzA A*(T,n)-^^A x A*(T,n)^^A(T,n)— 
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This composition of (n, i)-horns satisfies certain additional properties [33], of which 
for us the most important one is compatibility with degeneracies. From the ax¬ 
ioms of torsor (the requirement that t: T ^ K{Z,A^n) be a simplicial morphism) 
it follows that a degenerate n-cycle commutes. Hence any [n, i)-horn in T which 
may he completed to a degenerate n-cycle has to be completed this way, and hence 
composes to the Tface of this degenerate n-cycle. 

For instance, in degree two, the left hand side (2, l)-horn 



fits into the right hand side degenerate 2-simplex aia. It follows by uniqueness 
that m^(aodoa, a) = a. Likewise, mP{a,a) = aodga, etc. 


4.7. The exact fibration property. Most of the fibration property (Tl) of a 
torsor comes for free, since a regular epimorphism of simplicial objects in a regular 
Mal’tsev category is always a fibration im Proposition 4.4]. Given a simplicial 
morphism (h: T — > K{Z,A,n) satisfying (T2) and (T3), already the (hi = are 
regular epimorphisms for all i G n, so it suffices to check the regularity of lt„ 
and tn+i. Then there is the exactness, but this reduces to one square being a 
pullback—Diagram © for any i G n —which in turn corresponds to a direction 
property. 

Proposition 4.8. Suppose that Z is an objeet and A is an abelian object in a semi- 
abelian category. Let 1: T —> K(Z,A,n) be as in the definition of torsors, satisfying 
conditions (T2) and (T3). Then for every i the square 


A(T,n) —^ A*(T, n) 




Ax Z- 






(X) 


is a pullback if and only if the induced morphism Ker(di) —>■ A is an isomorph¬ 
ism. When this is the case, the simplicial morphism It *s a fibration, exact from 
degree n on, so that (T, it) is an n-torsor of Z by A. 

Proof. Again, A is a regular epimorphism by the Kan property. As in the proof of 
Lemma 13731 the kernel of A is Ker([A]i) = Hi Ker(A). Via Lemma [T731 this already 
proves the equivalence. 

Recall that every regular epimorphism of simplicial objects in a semi-abelian 
category is a fibration. When the above square is a pullback (for any i G n), 
the morphism dg being regular epimorphic implies that also (<^, is a regular 

epimorphism. 

One degree up, the corresponding squares are automatically pullbacks: indeed, 
any comparison A(T, u -I- 1) A*(T,n -I- 1) is an isomorphism by the axiom (T2) 
which tells us that every n-simplex in T is an n-cycle, as is any morphism 

A: X Z A\K(Z,A,n),n -{- 1) = A^+^ x Z. 

In higher degrees there is nothing to be checked because t: T — > IK(Z, A, n) is com¬ 
pletely determined by the coskeleton construction. This implies that It is a regular 
epimorphism in all degrees, hence it is a fibration. This fibration is exact in degree n 
since m is a pullback for every i, and in higher degrees since both its domain and 
its codomain are constructed as a coskeleton, so that we can apply Lemma[T73T| □ 
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Thus we see that an n-torsor (T, (t) oi Z hy A has an underlying n-cubic extension 
of Z of which the direction is A. Furthermore, the squares are pullbacks, which 
means that A(T, n) = A x A*(T,n). Note that the projection on A*(T, n) is A and 
the projection on A is 

In what follows we shall prove that this condition is equivalent to the centrality 
of the underlying n-cubic extension. Given an n-cubic central extension T oi Z 
by A, we construct a simplicial morphism t: T = cosk„_iT ^ 1K(Z, A,n) such that 
the squares m are all pullbacks. As explained above, this is enough for (T, t) 
to be an n-torsor. Furthermore, Proposition 14.131 tells us that such a simplicial 
morphism It is uniquely determined, so that its existence is a property of T, not 
additional structure—as it should be, because centrality is also a property. 

The other implication (which says that the underlying n-cubic extension of an n- 
torsor is always central) will be treated in the following section. 


4.9. Embedding cycles into diamonds. Up to symmetry of the diamond, there 
is a unique way a cycle may be embedded into a diamond using degeneracies to fill 
up missing faces. In degree two there is the morphism 


S 2 (X): A(X,2) ^ Eq(di)nEq(do): [xo,xi,X 2 ] 


which sends the left hand side (empty) triangle 


(TodlXo . X2 

i 

xq .o. Xi 



to the right hand side diamond. In degree three we have 


Crod2Xo . X3 


S3(X): A(X, 3) ^ I^Eq(A): [xq, cci, X2, xa] 

ze3 


(TodiXo- 


■■X2 


i cri52a:o' 

.■ 2 ’ 

xo .o. xi 


■■crid2Xi 


and in general we have an inductive formula, as follows. 


Notation 4.10 (Decalage). Let “X denote the decalage of X, the augmented 
simplicial object constructed out of X by forgetting the lowest degree X_i and the 
last face operators X„ ^ ^n-i, so that “X„ = X„+i. We obtain a morphism 

of simplicial objects d: “X ^ X by d„ = dn+i : ~^n = Xji+i —> X„. 


Proposition 4.11. For any simplicial object X in a semi-abelian category and 
any n > 2 there is a canonical natural inclusion 

s„(X): A(X,n) -^□Eq(A). 

i€n 

Proof. We give a proof by induction; the base step is explained above. Suppose 
s„(X) is defined for every X and natural in X; we then construct a morphism 
s„+i(X), natural in X. Given an (n -I- l)-cycle 

X = [xq, ... ,Xn, Xn+l] G A(X, n + 1), 
note that both Xn+i = (a^Oi • ■ •; Xn\ and 

Vn + l [^n—1 ^O^n +17 ■ • ■ 5 fl'n—1 ^n—l3^n+l 5 3!^n+l] ; 





















HIGHER CENTRAL EXTENSIONS AND COHOMOLOGY 


47 


where 

y ^n^n+l 1 ^O^n+ 1 5 ■ • ■ 5 ^n—l^n—l^n+1-; ^n+1; 

are in A(“X,n). The induction hypothesis gives us a pair of diamonds, and we 
define 

s„+i(X)(a;) = (s„(“X)($„+i),s„(“X)(y„+i)] G[^Eq(“A) x [~~|Eq(~A)- 

isn ien 

Now we only have to show that this pair does belong to Eq(A )5 which 

means that 5„(s„(“X)(S„+i)) = dn{sn{~'^)(yn+i))- This equality follows from the 
naturality of s„, which makes the square 


A( X, n) 


A((d,i 


A(X, n) 


S-n ( 


Q6nEq( 5,) ^^QenEq(A) 


commute, and the fact that A(d,n)(xji_|_i) is equal to A(cl,n)(y„+i). Indeed, we 
have dnXn = dnXn+i and 

^nXi = diXji+1 — ^n^n—l^iXn+1 

for every i e n, so that the latter equality holds. This completes the construction 
of Sn,+i(X), which is evidently natural in X. □ 


The morphism s„(X) constructed above takes an “element” x = [xq, ... ,Xn] 
of the object A(X,n) and maps it to the diamond Sn(^)(x) which has Xi on its 
i-entry and degeneracies elsewhere (see Subsection Id.illl . Clearly, s„(X) restricts to 
morphisms 

s(,(X): AXX,n)-HEq(d,), 

jen 

natural in X. 

When we say that an (n — l)-truncated simplicial resolution is central, we mean 
that such is the underlying n-cubic extension. We write SCExt 2 (^) for the (non¬ 
full) subcategory of 3"-Diag(^) consisting of those 3^-diagrams with an underlying 
n-cubic extension which is a central (n — 1 (-truncated simplicial resolution, with 
morphisms between such which restrict to simplicial morphisms. We write 

d(„,2):SCExt^(jr)^Ab(jr) (Y) 

for the restriction of D(„ z) to this category. 

Proposition 4.12. If, in a semi-abelian category, an (n — l)-truncated simplicial 
resolution is central, then it is an n-torsor. 


Proof. Let T be a simplicial resolution and let A be the direction of T = tr„_iT, 
considered as a trivial Z-module. We have to define a morphism of augmented 
simplicial objects t: T K{Z,A,n) as in (IWI) . Such a simplicial morphism is 
completely determined by the choice of a suitable morphism A(T,n) A. 

Consider, for i e n + 1, the commutative square of solid arrows 


0 


0 







di 



Sn(T) 



y 


»W(T,n) - 
4 (t) 


> A Eq(d,) ^ Bln Eq(d,) 


■>0 


■>0 
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which embeds cycles into diamonds. By assumption, the kernel of tt® is A; moreover, 
by Theorem Id. 101 

□ Eq(dj) ^ Ax [^Eq(dj) 

jen jen 

with TT® the projection on [ZJjen The square above is a pullback as a con¬ 

sequence of Lemma ll.21 since di is a regular epimorphism by the extension property 
of T, and since the kernel of di is A by Lemma [4.51 This implies that 

A(T,n) ^Ax A\J,n) 

with di the projection on A® (T, n). We may now complete the square with the 
dotted arrows. 

We choose <r to be pr^ os„(T): A(T, n) A, the projection of A(T, n) on A. We 
must prove that this does indeed give us a genuine morphism t: T —> K(Z, A,n); 
then the exact fibration property holds by Proposition 14.81 so that (T, it) is an 
n-torsor. 

Eor this, we only need to check that all the squares in the diagram 


A(T, n + 1) 




A(T, n) 




dn + lX'i-Z 

-^ - > 

pro xlz 


commute. This condition reduces to the commutativity of just one square, the one 
“on top”: 

n 

^od„+i = (-i)®®2(-i)®^oA. (Z) 

i=0 

In fact the morphism [[‘;°di]i, dg is already the unique one that makes all the 
other squares commute. But this equality follows from ProDOsition l3.14L which tells 
us that the morphism itself may be considered as an alternating sum, 

jQn 

Using that the alternating sum 

n+1 

i=0 

is zero by the simplicial identities, the equality m may now be obtained via a 
direct calculation in the abelian object A. □ 


Proposition 4.13. Given f: X ^ Y in SCExt 2 (^), let (X,x) and (Y,y) be the 
n-torsors corresponding to X and Y and f: X Y the simplicial morphism corres¬ 
ponding to f. If f keeps the direction fixed, that is to say, if 

d(ra.z)/ = 1: d(„^z)A 

then yo(F = in so that ^ is a morphism of torsors. In other words, we have a functor 

drn,z)^^Tors”(Z,+. 

Furthermore, this functor is fully faithful. 
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Proof. For any morphism of central truncated simplicial objects which keeps the 
terminal object and the direction fixed, the projections to the directions are com¬ 
patible with it. To see this we only need to consider the diagram 


A 0 -> A(X, n)-1> A*(X, n) 


A(r.n) 


a’ (f.n) 


A ^1-> A(Y, n) -> A* (Y, n) 


and note that cy°A((F, n) = <jx by naturality of the product decompositions induced 
by centrality —see Remark id.lll or the above proof. This shows that (F is a morphism 
of torsors. 

This immediately shows that the functor ^ Tors"(Z, A) is fully faithful 

as claimed: after all, a morphism in Tors" (Z, A) is nothing but a morphism in 
z)-^ satisfying an additional condition—but we just proved that this condition 
always holds. □ 


5. The commutator condition 

In general it is not clear how an isomorphism on the simplicial level may be 
extended to an isomorphism on the level of higher-dimensional diamonds. There¬ 
fore, to prove that every n-torsor is an n-cubic central extension, we shall add an 
assumption on the base category: we ask that higher central extensions may be 
characterised in terms of binary Huq commutators. This happens in many cases, 
but thus far we have no precise characterisation of the categories which satisfy this 
condition. 

It is proved in Section 9.1 of [ID] that an n-cubic extension of groups F is central 
with respect to Ab if and only if Ker(fy), Ker(/i)] = 0 for all I ^ n. 

The theory which we develop depends crucially on a similar characterisation of 
higher central extensions, valid in a sufficiently general context. 

Definition 5.1. [79| We say that an n-cubic extension F in a semi-abelian cat¬ 

egory 3F is H-central when 

[f|Ker(fy), f| Ker(fy)] =0 

i^I ien\I 

for all I n. The category 3F satisfies the commutator condition on n- 
cubic central extensions when the H-central n-cubic extensions in coincide 
with the categorically central ones, namely those which are central with respect 
to Ab(.^) in the Galois-theoretic sense used throughout the rest of the paper. 
We say that satisfies the commutator condition (CC) when it satisfies the 
commutator condition on n-cubic central extensions for all n. 

5.2. The cases n = 1 and n = 2. As explained in the Introduction and in Ex¬ 
ample 12.71 every semi-abelian category satisfies the commutator condition for one- 
cubic central extensions. From the Introduction and Example 1 2. 81 it follows that in 
a semi-abelian category, the commutator condition on two-cubic central extensions 
is weaker than the Smith is Huq condition [68] . 

5.3. Some examples. It is shown in m that, next to the category of groups, 
also the categories Lie algebras and non-unitary rings have (CC). The examples 
of Leibniz and Lie n-algebras were treated in [30] . Moreover, from m we know 
that any semi-abelian category with the Smith is Huq condition has (CC), while 
the categories of loops and of commutative loops do not satisfy this condition. As 
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examples we have action representative semi-abelian categories , action ac¬ 
cessible categories m — in particular all categories of interest [zuizni, so also all 
varieties of groups m — next to all strongly semi-abelian na and Moore catego¬ 
ries [45ll76| . For instance, the categories of associative and non-associative algebras 
and of (pre)crossed modules satisfy (CC). 

A general context where many examples may be found is given by those semi- 
abelian categories for which the abelianisation functor is protoadditive iMiisa , as 
considered below. This example gives two extreme special cases: semi-abelian arith¬ 
metical categories recalled in Example 15.51 such as the categories of von Neumann 
regular rings, Boolean rings and Heyting semilattices (where the cohomology theory 
becomes trivial) on the one hand, and abelian categories recalled in Example 15.61 
(where, via a version of the Dold-Kan correspondence [21], the theory gives us the 
Yoneda Ext groups) on the other. 

Example 5.4 (Protoadditive abelianisation). Recall from |35| that a functor be¬ 
tween semi-abelian categories is protoadditive when it preserves split short exact 
sequences 

0- > X±^Y ->0 

/ 

(the cokernel / is split by some morphism s). It is explained in |39j that, when 
is semi-abelian and the abelianisation functor ab: > Ab(.^) is protoadditive, 

the Huq commutator [AT, L] of two normal subobjects AT, L of an object X is 
(AT n A) = [AT n L, AT n A]. This gives us 

[f|Ker(/,), f| Ker(/,)] = [fl Ker(/,), f| Ker(/,)] = 

i€l ien\I ien ien 

for any n-cubic extension F oi Z and any I n. Furthermore, by another result 
in |39| . an n-cubic extension is categorically central if and only if its direction 
is abelian; hence the commutator condition (CC) holds. In fact, this argument 
extends easily to a proof that all semi-abelian arithmetical categories satisfy (SH). 

A non-trivial instance of this situation, mentioned in m, is the variety of non¬ 
unitary rings that satisfy the law abab = ab. We now explain another special case, 
one which is less interesting from a cohomological point of view, but which does 
give a class of extreme examples. 

Example 5.5 (Arithmetical categories). Recall from [74] that an exact Mal’tsev 
category is arithmetical when every internal groupoid is an equivalence relation. 
We restrict ourselves to semi-abelian arithmetical categories, examples of which are 
the dual of the category of pointed sets, more generally, the dual of the category of 
pointed objects in any topos, and also the categories of von Neumann regular rings. 
Boolean rings and Heyting semi-lattices (Sj. Since in such a category all abelian 
objects are trivial, the abelianisation functor is protoadditive, so that the commu¬ 
tator condition (CC) holds. (By the above, as shown in [51], every arithmetical 
category moreover satishes (SH).) Here an n-cubic extension is categorically cen¬ 
tral if and only if its direction is zero, which means that the extension is a limit 
n-cube (or an isomorphism, when n = 1). Hence the interpretation of cohomo¬ 
logy in terms of higher central extensions (Theorem 16.71) just means that any two 
n-cubic central extensions of an object Z, so limit n-cubes over Z, are connected, 
because Centr"(Z, 0) = H"+^(Z’, 0) is trivial—which is, however, not difficult to 
prove directly. 

At the other end of the spectrum we find the context of abelian categories 
where (CC) also holds, and where the cohomology theory reduces to Yoneda’s 
interpretation of Ext”(Z, A). 
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Example 5.6 (Abelian categories). In an abelian category all Huq commutators 
are zero while all extensions are categorically central, which already gives us (CC). 
On top of that the abelianisation functor is an identity, so that it is trivially protoad¬ 
ditive. Via the Dold-Kan theorem |81| . an (n — l)-truncated simplicial resolution, 
considered as an n-fold extension of Z by A, corresponds to an exact sequence 

0 -> A >-> Cn-l -> Cn-2 ->-> Co -> ^ -> 0 

of length n. (See Figure [T] on page |3] for a picture when n = 2.) As a consequence 
of the results in Section [5] we get 

Exr(Z,A) Centr”(Z, A) H"+i(Z, A), 

the equivalence between Yoneda’s cohomology via Ext groups |S3Eg and comon- 
adic cohomology which was first established in [3]. (See also [2]. A proof of the 
same result via torsor theory is given in [l^.) The dimension shift is there because 
our numbering of the cohomology objects agrees with the classical non-abelian ex¬ 
amples (groups. Lie algebras, etc.) rather than with the abelian case. 

5.7. Fhom torsors to central extensions. We are now ready to prove the equiv¬ 
alence between torsors and central extensions we need for our cohomological inter¬ 
pretation of higher central extensions. 

Proposition 5.8. In a semi-abelian category, the underlying n-cubic extension of 
an n-torsor is H-central. 

Proof. Let (T, t) be an n-torsor of by A with underlying n-cubic extension T. 
Then already the commutator [T„, A] is zero: by ProDOsition l4.3l since A is a trivial 
.Z-module, and by Example 12.71 

Now suppose that 0 A 7 £ n and consider x: X = T„ and 

y: Y = Ker(dj) —> We are to show that x and y Huq-commute (see 

Subsection ll.dp . so that T is H-central. 

Without any loss of generality we may assume that doy = 0. (If not, reverse the 
roles of X and y.) Let i be the smallest element of /. Then diX = 0 and djy = 0 for 
all j < i, and the boundaries 

ddi^ix = [ai-2dox,... ,ai-2di-2X,x,x, 0,(Ji-idi+ix,... ,(Ji-idn-ix] 

and 

d(Jiy = [0,..., 0,0, y, y, a^di+iy,cTidn-iy] 
of ai-ix and cjiy determine (n, i)-horns 

x = (dtTi_ia:)j = [ai- 2 dox,... ,ai-2di-2X,x,0,(7i^idi+ix,... ,ar-idn-ix] 

and 

y = {daiy). = [0,..., 0, 0, y, aA+iy,atdn-iy] 
in T which Huq-commute with each other. The first i + 1 components do so because 
anything commutes with zero. The others commute for the same reason, one of 
djX or djy being trivial by assumption on x and y. In other words, there is a 
morphism (pi such that the diagram 

A 


A X Y > A*(T,n) 


Y 
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is commutative, namely, the morphism determined by the family 


V] = \ 


Xjopr^ 

Xjoprx 


a j < i (so that j ^ I) 
a j > i and j — 1 ^ I 
\i j > i and j — 1 G /; 


note that indeed = dj-ioipi^ for all k < j such that i ^ {j,k}. Further¬ 

more, being induced by degeneracies, x and y compose to the face left out—see 
Subsection 14.61 — so that the diagram 



is commutative, and x and y Huq-commute. 


□ 


Thus we proved that, in a semi-abelian category, any categorically central trun¬ 
cated simplicial resolution gives a torsor (Proposition 14.121) and any torsor gives an 
H-central truncated simplicial resolution (Proposition [5^. To complete the circle, 
what we need is precisely the commutator condition (CC). 

Theorem 5.9. In a semi-abelian category which satisfies the commutator condi¬ 
tion (CC), an augmented simplicial object T is part of an n-torsor (T, it) if and only 
if its underlying n-fold arrow is an n-cubic central extension. □ 

Corollary 5.10. Under (CC), the functor —> Tors"(Z, A) described in 

Proposition ]^. lfi\ is an equivalence of categories. 

Proof. Theorem 15.91 tells us that this functor is essentially surjective, while it is 
fully faithful by Proposition 14.151 □ 


6. Cohomology classifies higher central extensions 

In this last section we prove our main result, Theorem 16.71 which states that, 
for any object Z, any abelian object A, and any n 5= 1, we have a natural group 
isomorphism 

H"+i(Z, A) ^ Centr”(Z,yl). 

To do so, we only need to use the results of the previous sections and establish a 
natural bijection between the underlying sets. 

We already know that, for truncated simplicial resolutions, being a torsor is 
equivalent to being central. Now we have to explain how any (central) extension 
may be approximated by a truncated augmented simplicial object so that the two 
types of objects may be compared. In fact, any equivalence class of central exten¬ 
sions oi Z hy A contains a truncated simplicial object. 

6.1. Simplicial approximation of higher-dimensional arrows. Using a clas¬ 
sical Kan extension argument, every n-dimensional arrow may be universally ap¬ 
proximated by an (n — l)-truncated simplicial object. Indeed, the functor from 
Subsection 11.181 

arr„ = Fun(—,a„): SArr"(.£") Arr"(.£") 

has a right adjoint 

s„ = RariaJ-): Arr"(S') ^ SArr”(jr) 
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which takes an n-fold arrow F : (2"’)°p ^ 3^ and maps it to the right Kan extension 

Ran3„F: (A+)°p ^ JT 

of F along the functor a„ : 2" —» A+. 

Proposition 6.2. Let 3F be a regular category with enough projectives. Then for 
all n > 1, the functors arr„ and s„ preserve n-cubic extensions. 

Proof. Since an (n — l)-truncated simplicial object is by definition an n-cubic ex¬ 
tension if and only if so is its underlying n-fold arrow, the functor arr„ preserves 
and reflects n-cubic extensions. The case of s„ for n ^ 2 is more complicated: given 
an n-fold arrow F, the Kan extension s„K = Rang^P is computed pointwise as a 
limit (see for instance [HZ])- For example, a two-cubic extension such as © has 

Eq(d) Xx Eq(c) < ^ X -> Z 

as its simplicial approximation. It is easily seen that also in general, s„F has the 
morphism Fn —> Fq as its augmentation. In order to obtain a quick formal proof in 
higher degrees we assume that ^ has enough projectives and use ProDOsition ll.191 
Let X be an (n — l)-truncated degreewise projective simplicial object and consider 
a collection of arrows (Xj —> (s„E)j)|j|^i as in the proposition. Composing with 
the counit u: arrn,s„F ^ F of the adjunction at F we obtain a collection of arrows 
to the n-cubic extension F, which extends to a morphism of n-fold arrows X ^ F. 
By adjointness we now obtain the needed morphism of n-fold arrows X s„F, 
extending the given collection of arrows. This proves that s„F is an n-cubic exten¬ 
sion. □ 


We now return to the semi-abelian context and prove that then these adjunctions 
also preserve centrality. These two results together extend Proposition 5.1 in m 
to higher degrees and beyond the case of central extensions. 


Lemma 6.3. Suppose F is an n-cubic extension, G = arr„s„F and u: G —>■ F is 
the counit of the adjunction at F. Let LF (respectively \-G) be the limit described 
in Subsection \1.10\ and Ip (respectively Iq) the comparison morphism. Then the 
square 


Gr, 


-»F„, 


Ig 


LG- 


Lu 


Ip 
7 

-^LF 


(AA) 


is a pullback. 

Proof. We prove that the pullback LG Xlf F-n is isomorphic to Gn by showing 
that the (n — l)-truncated simplicial object FI which is equal to G everywhere, 
except in level n — 1 where it is LG xlf Fn, is actually isomorphic to the simplicial 
approximation of F. 

The n-cubic extension H is indeed an (n — l)-truncated simplicial object: the 
degeneracies are induced by composition of the degeneracies of G with the compar¬ 
ison morphism G„ —> LG x lx F„. This comparison morphism is part of a morphism 
of (n — l)-truncated simplicial objects G —> F. Its inverse H ^ G is now induced 
by the universal property of G. □ 
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Proposition 6.4. Let be a semi-abelian category with enough projectives. For 
all n ^ 1, the functors arr„ and s„ preserve centrality. Furthermore, both functors 
preserve the direction of a central extension. 

Proof. Let F be an n-cubic central extension. Then the direction A = Hieri Ker(/i) 
of F (Lemma 12.171) is part of the short exact sequence 


0 -> -> 0 . 


By Lemma 16.31 we have that the square (lAAll is a pullback. Via Lemma [2.Ill this 
already implies that Iq is a central extension when F is central; moreover, we have 
A = P)^g^Ker( 5 i) by Lemma lOl so that the functor s„ preserves directions. Since 
pullbacks preserve product projections, by Theorem 13.101 we only need to prove 
that any square 


Qen Eq(5*)-> Dien Eq(/,) 


Y 

□L Eq(ff*)-> QL Eq(/*) 


is a pullback. To see this, consider the commutative cube 


□*€n Eq(5*)-> Eq(/,) 



>QLEq(/.) 


in which the left and right hand side faces are the ones of Lemma lXBl These squares 
are pullbacks, and since we already proved that the front face (lAAl) is a pullback 
as well, the claim follows. □ 


6.5. The equivalence between central extensions and torsors. By Propo¬ 
sition [^3] the functors arr„ and s„ not only preserve central extensions, but also 
the directions of those central extensions. Hence for any object Z and any abelian 
object A, these functors (co)restrict to an adjunction 


d. 

{n,Z) 


‘D-i ,A 

- (n-.Z) 


where the functor m 

: SCExt^( JT) ^ Ab( JT) 

is the restriction of D(„ 2 ) to those 3"-diagrams which, as an n-cubic central ex¬ 
tension, are an (n — l)-truncated simplicial object. Taking connected components 
gives a bijection of sets (see Remark 5.2 in [75]!. By Corollary 15.101 this bijection 
takes the shape 

7roTors”(Z, A) 55 ; 7ro(d-i^^^A) 7ro(D~^^2^A) 

when also the commutator condition (CC) holds. 


(AB) 
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Proposition 6.6. The bijection (lABI) is natural in A. 

Proof. In [341 Section 4] the functor ttq Tors"(2', —) is defined as follows: given 
/: A ^ B va an n-torsor (X,x) of Z by A universally induces an n-torsor 

/h,(X,x) of Z by B. The construction in ProDOsition l2.21l gives us another n-torsor 
(Y, y) of Z by together with a simplicial morphism f: X ^ Y over 1K(/, n) which, 
by the universal property defining /,^(X,x), yields a morphism f^(X,x) —> (Y,y) of 
n-torsors of Z by B. Thus /h=(X, x) and (Y, y) end up in the same equivalence class, 
so that the bijection (|AB]) is natural in A. □ 

Thus we see that the underlying sets of the abelian groups 

H”+^(Z, A) = Tors”[Z,A] = tiq Tors”(Z, A) 

and Centr”(Z, A) = ^^A) are naturally isomorphic. Since both 

H”+i(Z, -) and Centr"(Z, -): kh{ST) Set 

are product-preserving functors lProDOsition l2.21]) . they lift to naturally isomorphic 
functors kh{^) Ab, which gives us 

Theorem 6.7. Let Z be an object and A an abelian object in a semi-abelian category 
with enough projectives satisfying the commutator condition (CC). Then for every 
n ^ \ we have an isomorphism A) = Centr”(Z, A), natural in A. □ 

Thus we obtain the claimed “duality” between internal homology and external 
cohomology. 

Theorem 6.8. Consider n ^ 1 and let Z be an object in a semi-abelian category 
with enough projectives ST which satisfies the commutator condition (CC). Then 

H„+i(Z, Ab(jr)) = limD(„^ 2 ) and H”+^(Z, A) s 7ro(D)'J_^^A), 

where A is any abelian object in ^. When, in particular, SC is monadic over Set^ 
the homology and the cohomology are comonadic Barr-Beck (co)homology with re¬ 
spect to the canonical comonad on X. 

Proof. The equality holds by definition, while the isomorphism is Theorem 16.71 The 
interpretation in terms of comonadic (co)homology is the main result of |47| in the 
case of homology, and of [33l [34] in the case of cohomology. □ 

Acknowledgement. We would like to thank Tomas Everaert and George Peschke 
for interesting comments and suggestions, and the referee for careful guidance lead¬ 
ing to this revised version of the paper. 
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